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Part 1 

Spectral Theory of 
Zhakarov-Shabat Operators 



In this chapter we derive some elementary facts about the spectra of Zakharov- 
Shabat, or Zs-operators [27] 



i \ / ifii 

-i dt \(p2 



acting on various dense subspaccs of vector functions / = (/i, /2) on [0, 1] within 
Ll ■.^LlxLl=L\[0,l],C)'. 

The vector potential ip = {ipi, ip2) is also taken from L^. This operator is equivalent 
to the AKNS-operator [5] 



by writing 



-1 W / 9 P 

1 / dt [p -q 



fi \ ^ I u + w\ I ipi \ ^ I q + ip 



That is, 



(1) L{q,p)=T~^L{^)T, T 



1 i 

1 -i 
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The AKNS-operator has real coefficients for real q,p, and the Zs-operator may be 
viewed as its complexification, wlien q and p are aUowed to be complex valued. 

The results described in the following sections are well known, at least in the 
real case [TUl HU [H] , and we will freely use techniques and arguments from these 
sources as well as [53]. 

1 Fundamental Solution 

In the following we write the Zs-operator in the form 

L = iRD + $ 

with 




The potential is considered to be extended beyond the interval [0, 1] with period 1 
so that f{t + 1) = (f{t) for all real t. 

The free equation Lf = X f with <1> = has the fundamental solution E\ , 

For the fundamental solution M of Lf = Xf with general $ variation of constants 
leads to the integral equation 

(2) M{t,X)^Exit)+ f Exit- s)^{s)M{s,X)ds 

Jo 

with 




Here, M is more precisely a function of {t,X,ip) E [0,oo) x C x L^. But we will 
often drop some or all of its arguments from the notation, whenever there is no 
danger of confusion. This applies to other quantities as well. 
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Reinserting the integral equation into itself repeatedly leads to a series ex- 
pansion of AI with respect to <&. To this end, let us make the Ansatz 



(3) M=J2Mn, Mo^Ex 



n>0 



where M„ is homogeneous of degree n in $ for n ^ 1. Inserting this sum on both 
sides of the integral equation ^ we obtain 

M„+i(t)= / Exit-sMs)Mnis)ds, n^O. 
Jo 

Proceeding by induction, we get 

/n 
Y[ ExiU+i - t,)^{U)Exiti) dty ■ ■ dtn. 

o^ti^--<t„+i=t 
For instance, a short calculation reveals that 

and 

^ ' ^ ' J \ (^i(r)(p2(s)e'^(*-2-+2'-) i 

In general, all M2n arc diagonal, and all A/2n-i arc antidiagonal matrices. 
To establish the convergence of the series thus obtained let 

Jo 

where | • | denotes the hermitean norm of complex vectors. Let denote the 
operator norm of a complex 2x2-matrix A induced by this norm. For instance, we 
have Wi" =max(|a|,|d|). 



Theorem 1.1 The power series Q with coefhcients given above converges 
uniformly on bounded subsets of [0,oo) x C x to a continuous function, which 
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for each fixed t is analytic on C x and satisfies the estimate 

\\M{t,X,^)\\ ^ exp(pA|t + 11^11 [o_,jVt) 

as well as the integral equation 

The series thus defines the unique matrix valued solution of the initial 
value problem 

L{ip)M = AM, M(0) = Id, 

which depends analytically on A and if. - The notion of analytic maps between 
complex Banach spaces is discussed in Appendix [TOl 

Proof. We have ||£'A(t)|| = e'^-^l* for t^O, and therefore 

^ n 

WMnim^ J l[\\Ex{t, + ,-tMmt,)\\\\E^{t,)\\dt,---dtn 

^el^^l* J ||l>(t„)l|---||$(ii)l|dti---dt„ 



^ ^— / \ipitn)\---\ipiti)\dti---dt. 



p|aA|t 

The series ^ thus converges uniformly on bounded subsets of [0, oo) x C x and 
satisfies the estimate stated in the theorem. Moreover, each term Af„ is continuous 
on [0, oo) X C X and analytic on C x for each fixed t. The regularity statement 
thus follows from the uniform convergence of the series, and the last statement from 
its construction. I 

The fundamental solution has an even stronger continuity property. We call 
a mapping from into some Banach space compact, if it maps weakly convergent 
sequences into strongly convergent sequences. 
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Proposition 1.2 M is compact on [0,oo) x C x uniformly on bounded 
subsets of [0, oo) x C. 

Proof. In view of the uniform convergence of the series ([3]) it suffices to prove 
the statement for each term M„ , which is done by induction. 

This is obviously true for Mq, since this term does not dependent on ip. So 
assume this is true for Mn , and let ip converge weakly to ipo , written ip ^ ipQ. By 
the induction hypothesis, wc then have 

Mn{t, A, ip) Mn{t, A, ipo) 

as well as ^ $o(0 mriformly on bounded subsets of [0, oo) x C, where $o is 
defined in terms of the components of ipo ■ Consequently, 

M„+i(t, A, V3) = / Exit - s)$(s)Af„(s, A, ip) ds 
Jo 

t 

Exit - .s)$o(s)M„(s, A, ipo) ds, 

again uniformly on bounded subsets of [0, oo) x C. This completes the induction. I 

We will also need to consider the inhomogeneous equation associated with L. 
The following result is obtained by the usual variation of constants approach, and 
is easily checked by direct computation. 

Proposition 1.3 The unique solution of the inhomogeneous equation 

Lf = Xf + g, fiO)=vo, 

with g is given by 

fit) = M it)va - f M it - s)gis) ds, g = iRg. 
Jo 

Corollary 1.4 The X-derivative M of the fundamental solution M satisfies 
the initial value problem 

LF ^ XF + M, F{0) = 0, 

and is thus given by M(t) = - J* - s)A/(s) ds with M = iRM . 
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The fundamental solution M of the Zs-operator transforms into a fundamen- 
tal solution K of the AKNS-operator by 

K ^ T-^MT, 

where T is given by Writing 



(6) M 



a short calculation gives 

rni + m2 + ms + TO4 mi — m2 + — rri/i 

fcl = , fco = , 

2 ' -2i ' 

iril + m2 — 7713 ^ ™4 'Til — 7712 ^ 77l3 + 777,4 

fca = , k, = . 

Not surprisingly, for the zero potential the fundamental solution is 



/ 7771 




K = 


( fcl 


fc2 \ 


I ^773 


777-4 / 






fc4 / 



gAjt ^ / COS At sin At \ J 1 

I —sin At COS At / ' I —1 



Wronskians 

An important role in the study of two dimensional linear differential equations 
with constant coefficients is played by the Wronskian of two solutions, defined as 

[gM := gi/72 - .92/71 

for g = (.91,32) and h = {hi,h2). 

Lemma 1.5 If Lg = fig and Lh = lyh, then 

idt [g,h] = {ji- y){gih2 + .92/71). 

Proof. With \dtg = (/ii? - R'^)g and idth = {vR - R^)h we obtain 

idt [g,h] = [idtg,h] + [g,idth] 

= [{nR - R^)g,h] + [g,{vR- R<^)h] 

= fi [Rg,h] + V [g,Rh] - [R-i>g,h] - [g.R^h] . 
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The last two terms cancel each other, so that 



idt [g,h] = m(.9i^2 + .92/11) - i^(3i^2 + 32^1) 
= - j/)(gi/i2 + 32^-1)- I 



An important special case arises when we consider the Wronskian of the two 
solutions making up the fundamental solution M . 

Proposition 1.6 (Wronskian Identity) 
detAf(t) = 1 
identically on [0, 00) x C x L^. 

Proof. Applying the preceding lemma to two solutions of the same equation 
Lf = A/, we get dt detM(i) = and thus 

det M {t) = det Af (0) = det Id = 1 . I 

We also need a result involving the product of two Wronskians. To express it in 
terms of another Wronskian, we define the star-product of two vectors g = {gi, .92)^ 
and h = {hi, /i2)^ by 



This product is commutative, but not associative. It will show up in the represen- 
tation of gradients with respect to the potential ip. 

Proposition 1.7 If a,b arc solutions of Lf = fif , and c, d are solutions of 
Lf — vf with V ^ [i, then 




[a-kbjC-kd] 



1 



dt{[a,c] [b,d\). 



2i(/i - 1^) 



Proof. By Lemma 11.51 
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i{n - i^)~^dt{[a,c] [b,d]) 

= (aiC2 + a2Ci) [b,d] + [a,c] (61^2 + hdi) 

= (aiC2 + a,2Ci){bid2 - 62^1) + (aiC2 - a2Ci){hid2 + ^2^1) 

= 2{aibiC2d2 ~ a2b2Cidi) 

— 2 [c7k-d,a*6] . I 

2 Basic Estimates 

We establish some basic estimates for the fundamental solution M and its 
derivative AI with respect to A. Let 

and for time-dependent matrices A introduce the weighted norm 
||A(t)||, = e-|3A|t||^(i)||. 

We restrict ourselves to the i-interval [0, 1] to simplify formulas, since this is all we 
need. 

Lemma 2.1 (Basic Estimate) On [0, 1] x C x L^, 

|jM(t, A)1U ^ mt, A)|U + ell^ll r ||^^(., A)jl, \^{s)\ ds 

Jo 

with F{t, A) = /o Exit - s)^{s)Ex{s) ds. 
Proof. By the integral equation 

M{t)= I Ex{t- s)^s)M{s)ds 
Jo 

= / Ex(t- s)^{s)Ex{s)ds+ f Exit- s)^{s)M(s)ds 
Jo Jo 

= F{t)+ f Exit - s)^{s)M{s)ds. 

JO 
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Clearly, 

\\E^{t - s)Hs)M{s)\\ ^ cl^^K*-) |ll.(,s)|| \\M{s)\\ , 
so multiplying by e"'-'^'* we obtain 

\\M{t)\\x^\\m\\x+ fwmw \\Mi^)hds. 

Jo 

Now the claim follows with Gronwall's inequality as stated in Lemma [22. 21 and the 
estimate ||$(s)|| < l^fiis)]. I 

In more detail, we have 







/oVl(s)c-'^(*-2^)d5 

/>2(s)c'^(*-2-)ds 



similar to ^ and thus 



(8) ||F(t,A)jU= max^e- 



/V.(5)e±'^(*-2^)ds 
Jo 



Estimates of this term lead to corresponding estimates of the fundamental solution 
as follows. 

Theorem 2.2 On [0, 1] x C x L^, 

locally uniformly in the sense that for each cpo in L"^ and e > there exist a 
neighbourhood U of ipo in Lij. and Aq > such that 

||M(<,A,(/p)IU 

for ^ i < 1, |A| > Ao and cp e U . Similarly 
Af(t,A,^) =i;A(0+o(el^^l*). 
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Proof. Fix tpo and e > 0. By Lemma [21.11 there exists a neighbom'hood U 
of ipo and Ao > so that for all |A| > Aq and ip G U we have 



ee 



3X\t 



€t s^l, l^fc^2. 



Hence by ©, 

\\F{t,X)\\^^e, 



^ t ^ 1, 



and the first claim follows with the Basic Estimate. The second claim follows from 
this by applying Cauchy's estimate to the A-derivativc of M. I 

We often have to evaluate the fundamental solution along a sequence of com- 
plex numbers Xn ^ mr. Here the basic result is the following. 

Proposition 2.3 For any sequence of complex numbers A„ = mr + an such 
that sup„g2 |c«„| ^ a < oo, 

M{t,Xn)^ E^n{t)+e^{n), 

uniformly in ^ 1 and a, and locally uniformly on L^. 

Proof. For |3A| ^ a we have e"" II • II ^ II ■ |Ia ^ II ' II ■ Therefore, by the Basic 
Estimate and Cauchy-Schwarz, 



||M(i,A„)lr «;c||^ll ||F(t,A„)H + / ||F(s,A„)|rds 



for all n g Z and ^ t ^ 1 with a constant depending only on \\(p\\. By Lemma r21.2l 
and estimate (IH) at A„ , 
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It follows that 

with a different constant C||<p|| . This proves the first asymptotic formula. The 
formula for the A-derivative follows from this by applying Cauchy's estimate to 
A-discs of radius 1 around each A„ . I 

Completely analogous estimates hold for the fundamental solution K of the 
AKNS-equation. For instance, 

K{t,\^) = e^'^*+o(el^^l*) 

locally uniformly on [0, 1] x C x in the sense of Theorem 12.21 

3 The Periodic Spectrum 

The periodic spectrum of the Zs-opcrator L is defined with respect to the 
dense domain 

I?Pcr={/ei?i:/(l) = ±/(0)}, 

where for any to 5^ 1, 

H'^ ■= HJ!" X i^™, := i/"([0, 1],C). 

The latter denotes the Sobolev space of all complex valued functions [0, 1] — > C 
with distributional derivatives in up to order m. 

By the definition of the fundamental solution M , any solution / of the equa- 
tion Lf = A/ is given by f{t) = M{t, X)f{0) . Hence, a complex number A is a 
periodic eigenvalue of L iff there exists a non zero element / £ I'por with 

/(l) = M(l,A)/(0) = ±/(0), 

hence iff 1 or —1 is an eigenvalue of A/(l, A). As dot Af(l, A) = 1 by the Wronskian 
identity, the eigenvalues of A/(l, A) for such a A arc both equal to 1 or both equal 
to —1. This is tantamount to the discriminant 



A(A) := trM(l,A) = mi(l. A) + 7714(1, A) 
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being 2 or —2, which in turn is equivalent to A^(A) — 4 = 0. As the periodic 
spectrum of i(<p) is discrete, it thus coincides with the zero set of the entire function 

Xp(A,^) := A2(A,^)-4. 

We consider this function as the characteristic function of the periodic spectrum - 
whence the notation. 
For If — 0, 

-iA \ 



A(A,0) = trEx{l) = tr 



2 cos A, 



hence Xp(A,0) = — 4sin^ A. For 95 7^ 0, the characteristic function is asymptotically 
close to this function, if we stay away from the set 



n 



U ^n, 



{A e C : \\-nTr\ < tt/A}. 



This is made precise in the following lemma. 
Lemma 3.1 For |A| 00 with A 1^ H, 

A2(A)-4= (-4sin2 A)(l + 1), 
A(A) = (-2sinA)(l + l), 

Proof. We have A(A) = 2cos A + o(e'^^l) by Theorem!^ and thus 

o(el3^l)cosA o(e2|3^l)^ 



A^(A)-4= (-4sin^ A) 1 



sin^ A 



sin^ A 



For A ^ n, 

cos A 



sin A 



^4 



|sin A| 



by Lemma [22. II So for these A, the expression in the large parentheses is 1 + o(l), 
proving the first claim. Similarly, again by Theorem 12. 2[ 

A(A) = -2sinA + o(el^^l), 



and the second claim follows by the same arguments. I 



Section 3: The Periodic Spectrum 17 



A 



Bn 



Figure 1 The Counting Lemma 



Each root of Xp (A, 0) 



4 sin^ A has multiphcity two, so the periodic spec- 



trum of the zero potential consists of a doubly infinite sequence of double eigenvalues 



For any other potential, the periodic eigenvalues are asymptotically close to those of 
the zero potential, since compared to |A| sufficiently large, any potential looks like 
a perturbation of the zero potential. This is made precise in the following lemma. 

Lemma 3.2 (The Counting Lemma) For each potential (po in there exists 
a neiglibourhood U in and an integer N > such that for every ip in U , the 
entire function Xp (A, tp) has exactly two roots in each disc 

Ai = {AeC; |A-n7r| <7r/4}, |n| > iV, 

and exactly AN + 2 roots in the disc BAr = {AeC:|A|< Nn + 7r/4}. There are 
no other roots. 

Proof. By the preceding lemma. 




n G Z. 



Xp(A,^) -Xp(A,0)(1 + 1) 



outside of 11. Hence, 



|Xp(A,^)-Xp(A,0)| < |xp(A,0)| 



on the boundaries of all discs Dn with > N and on the boundary of B^, if 
N is chosen sufficiently large. It follows by Rouche's theorem that x? (A, (fi) has as 
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many roots inside any of these discs as Xp('^jO)- This proves the first statement. 
Similary, the number of roots outside of aU these discs is the same for these two 
functions, namely zero, proving the second statement. I 

The Counting Lemma shows that asymptotically, the periodic eigenvalues of 
any potential ip in come in pairs, located in the disjoint discs D„ with \n\ > N 
sufficiently large, while exactly AN + 2 eigenvalues remain, being located inside the 
disc -Bjv- Hence, if we employ a lexicographic ordering of complex numbers by 

{ma < mb 
or 
ma = mb and 3a ^ 3b, 

then the periodic spectrum of each ip can be represented as a doubly infinite se- 
quence of eigenvalues 

counting them with their algebraic multiplities. Here, are precisely the two 
eigenvalues within D„ for \n\ sufficiently large. 

Moreover, deforming ip continuously to the zero potential along a straight 
line, we conclude that 

A(A,t,¥') = A(A^,0) = 2cosn^==2(-l)", |n| > N. 

In the general complex case, this distinction does not apply to the remaining finitely 
many eigenvalues, since their lexicographic order is not continuous in p. To this 
end, ip has to be of real type - see section [5] 

The Counting Lemma provides a first rough asymptotic estimate of the peri- 
odic eigenvalues of the form 

A± = n7r + 0(l). 

This is refined in the next statement, where we use the notation i'^{n) for a generic 
sequence in . 

Proposition 3.3 Locally uniformly on Li, 



A± = rni + ein). 
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In more detail the statement is that 

with a constant c, which can be chosen locally uniformly in Lp. An analogous 
remark applies to many similar expressions in the sequel. 

Proof. By the scries expansion of the fundamental solution, 
A(A) = 2cosA + ^tr7\/„(l,A). 

By ^ and the following equation the trace of Mi vanishes, and that of M2 is 



As = 71 TT + 0(1), each one-dimensional integral yields a contribution of order 
l'^{n) by Lemma 121.21 locally uniformly on L^. Taking their product, we thus 
obtain 

trM2(l,A±)-£i(n). 

Such an expression is contained in all higher order terms as well, and we can 
argue as in the proof of Theorem 11.11 to obtain 

A(A±) = 2 cos A± 

locally uniformly in Lp. Together with A(A,t) = 2(-l)" we thus obtain 

cosA± = (-ir+^^n). 

With = rni + rj^ and thus cos A^ = cos(r;,7r + 7/^) = (—1)" cosr^^ by the addition 
theorem for cosine, we arrive at 

cos?7^ = 1 + l^{n). 

As cost = \ — /2 + 0{t^) and |r/^| 7r/4 for almost all n by the Counting 
Lemma, we conclude that ry* = l"^ (n) . I 

-'Recall that tr Af2n-i = for all n 1, as h'Hn-i is antidiagonal 
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The periodic eigenvalues are the roots of the characteristic function Xp('^)- 
As in the case of the characteristic polynomial of a finite dimensional matrix, the 
latter is also completely determined by the former. 

To simply the product formulas, we use the convenient abbreviation 




Proposition 3.4 For tp e Ll, 

(A+ -A)(A7„-A) 



Xp(A) = -4n 



Proof. By Lemma [20.21 the product on the right hand side defines an entire 
function x which has exactly the roots A^, n <E Z, and satisfies 

X(A)|^ =(-4sin2A)(l + l) 

on the circles C„ : \X\ = mr + TT/2. The same asymptotic behaviour is true for Xf (A) 
by Lemma |3. II Hence, the quotient of these two entire functions is again an entire 
function, which on C„ converges uniformly to 1 as n ^ oo. By the maximum 
principle, the quotient is identically equal to 1 , which is the claim. I 

We need analogous results for the A-derivative A of A. This function is 
asymptotically close to —2 sin A for A large by Lemma 13.11 Hence, arguing as in 
the proof of the Counting Lemma, A has exactly one root A^ in each disc D„ 
for |n| > N sufficiently large, + 1 roots in the disc Sjv, and no other roots. 
Proceeding along the same lines as in the proofs of Propositions 13.31 and 13.41 we 
obtain the following result. 

Proposition 3.5 For each potential tp £ the roots of A form a doubly 
infinite sequence ^ ^'n ^ ^'n+i =^- ' ' ' such that 

A; = mT + f{n) 

locally uniformly on , and 

A;„ — A 

mG2 



A(A) ^ 2 n 
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Remark. At the zero potential, the above formula amounts to the well known 
product representation of —2 sin A with zeroes given by Aj^ = titt for n S Z. 

Later we need the following refinement of the asymptotics of the zeros of A. 
Lemma 3.6 Locally uniformly on L^, 

with 7„ = A+ - A„ and t„ = (A+ + A„)/2. 

Proof. Write A^{X) - 4 = 4(A,+ - A)(A - A;)A„(A) with 

We have A„ = 1 + 1 on _D„ by Lemma [20.31 and \^ — mr + P{n) by the preceding 
proposition. Therefore, 

A„(A;J = 1 

by Cauchy's estimate. We obtain 

0=(A2(A)-4)-|^. 

= 4(A+ - 2A;, + A;)A„(A;J + 4(A+ - A;J(A; - A;)A„(A;) 
= 8(r„ - A;)(l + 1) + 4(A+ - A;)(A; - A„)l. 

With 4(A+ - A;J(A„ - A;) = 4(r„ - A;J2 _ ^2 ^j^j^ ^^^^s to 

T„ - A; = (4(r„ - A-„)2 - 72) i_ 

As A^j ^ A'„ ^ A+ and hence |t„ — A;J ^ 7n/2, the claim follows. I 



4 The Dirichlet and Neumann Spectrum 

The Dirichlet spectrum of the Zs-operator L is more transparently defined as 
the spectrum of the corresponding AKNS-operator on the domain 



^Dir = {./ei?^/2(0) = = /2(l)} 



22 Part 1: Spectral Theory of Zhakarov-Shabat Operators 



In view of the representation ([6]) of its fundamental solution K, this spectrum is 
the zero set of the third component of K , hence of the entire function 



TO3 + m4 - mi - 1712 
(9) Xb{\v) ■■= ^7 

By Theorem 



Xd(A, v>) = ^ + o(el^^l) = sinA + o(el^^l). 

For the Zs-operator the corresponding domain is 

I?Dir = {g e -ffi : (52 - 5l)|o = = (32 - } , 

as this domain is mapped one-to-one onto Adix under the transformation T . 

Since we repeatedly have to evaluate the coefficients of the fundamental solu- 
tion M 'At t ~ 1, we will use the abbreviation 



The discriminant is then A = toi + 7714, and the Dirichlet spectrum of ip is the zero 
set of the entire function 

m3 + TO4 — rhi — 777.2 
Xo = . 

The same will apply to the accent ' in other contexts. 

Using the asymptotic behaviour ^ and arguing as in the proof of the Count- 
ing Lemma, the Dirichlet spectrum of any potential ip in is represented as a 
doubly infinite sequence of lexicographically ordered eigenvalues 

• • • A'ri-l Mn+l ' ' ' j 

counted with their algebraic multiplicites. For |7i| sufficiently large, /i„ is the unique 
eigenvalue in the disc D„ and thus simple. 

Of course, defining the domain ^Dir through the second component of / is 
quite arbitrary, and we may as well consider the spectrum of L with respect to the 
AKNS-operator on 



^Ncu = {./ e i?^ /i(0) = = /i(l)} 
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We take the freedom to call this the Neumann spectrum of L. It is the zero set of 
the second component of K evaluated at i = 1 , hence of the entire function 



ms - m4 + TOi - 7712 



2i 

Again by Theorem 12. 2|, 



Xn(A,(^) = + o(cl3^l) = sinA + o(el3^l). 

For the Zs-operator the corresponding domain is 

I?Ncu ^{heH^:{h2+ /7l)|o = = (/72 + } . 

The Neumann eigenvalues also form a doubly infinite sequence 

■ ■ ■ l^n-l =4 ^ t^n+l ^ ' ' ' ■ 

Both Dirichlet and Neumann eigenvalues have the same asymptotics as the periodic 
ones, and they completely determine their characteristic functions. 

Theorem 4.1 Locally uniformly on L^, 
fJ-n, v„ = niT + f{n), 

and 

x.(A) = - n = - n 

Proof. The proof is the same as that of Propositions 13.31 and 13.41 For in- 
stance, by Lemma 120.21 the first product defines an entire function x which has 
exactly the roots /i„, tt, G Z, and satisfies 

X(A)|^ = (sin A) (1 + 1) 

on the circles C„ = {A: |A| = tztt + 7r/2}. The same asymptotic behaviour is true 
for Xd(A). Hence, the quotient of these two entire functions is again an entire 
function, which on C„ converges uniformly to 1 as ti — > oo. By the maximum 
principle, the quotient is identically equal to 1, which yields the claim. I 
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In the AKNS-coordinates, the first and second column of the fundamental solu- 
tion K represent solutions of Lf = Xf , which give rise to eigcnfunctions when eval- 
uated at a Dirichlet and Neumann eigenvalue, respectively. In the Zs-coordinates 
they are given by the columns of TK = MT. Hence, if we let 



(10) g = 



( mi - 


h m2 \ 


h = 


/ mi 


- TO2 \ 


\ m -i - 






\ ms 


-mi j 



then one particular choice of Dirichlet and Neumann eigcnfunctions is 

The following corollary is an immediate consequence of the asymptotic behaviour 
of fj,n and Vn and Proposition [^21 

Corollary 4.2 

locally uniformly on L\. At the zero potential these identities hold without the 
error terms. 

5 Potentials of Real Type 

A potential (p ~ {ipi, (^2) of the Zs-operator is said to be of real type, if 

In this case we have ip ^ {q + vp,q — vp) with real valued functions q and p, so the 
coefficients of the corresponding AKNS-operator are real valued. The subspace of 
of all real type potentials will be denoted by 

Ll = {ip e Ll : Lp2 ^ (pi) . 

Note that this is a real subspace of , not a complex one. 

An equivalent characterization is that L(}p) and hence L{q,p) are formally 
self-adjoint on [0, 1] with respect to the standard complex L^-product. Since iRD 
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A2 





Figure 2 The A-function 



is formally self-adjoint, this amounts to $ being formally selfadjoint, or 




It follows by standard arguments that in this case the periodic, Dirichlet and Neu- 
mann spectra are all real. Their lexicographic ordering thus reduces to the real 
ordering, and those eigenvalues are continuous functions of the potential. 
The real case is reflected in the structure of the solutions as follows. 

Lemma 5.1 For ip of real type and real A, 



M = PMP, P := 




or equivalently, = mi and = m,2. If a solution of L f = Xf is real in the 
AKNS-coordinates, then f = Pf , or equivalently, fi ~ f2- 

Proof. For real type (p and real A, the fundamental solution K in the AKNS- 
coordinates is real, while the transformation T given in ([T]) satisfies T — PT . For 
M = TKT-\ we thus have 

M ^ TKT^^ = PTKP-^P = PMP. 

Similarly, / ~ MTv with some real vector v, and the second claim follows with a 
similar calculation. I 

Deforming a potential of real type to the zero potential, one finds that 
A(A±) = 2(-ir, neZ. 
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Hence, by the reality of the spectrum for real type potentials 




for all n € Ij. So for real type potentials all periodic eigenvalues come in pairs, 
forming the so called gaps 



If A„ = A+, then Gn reduces to a point, and one speaks of a collapsed gap. Other- 
wise, their gap is said to be open. 

Remark. Note that considered on the whole real line the spectrum of L{ip) 
with a real type potential is 



where (A„, A+) is empty for A„ = A+. 

An important role is played by the value of the characteristic function of the 
periodic spectrum at Dirichlet eigenvalues. These values can be represented in 
terms of the function 

S := 1112 + 

which we refer to as the anti-discriminant. 

Lemma 5.2 At any Dirichlet eigenvalue fin of a potential ip in L"^, 



71 e z. 



specK(L(^)) = M \ y (A„,A+), 



A2(/z„)-4 = 52(^„). 



The same is true at any Neumann eigenvalue u, 



Proof. 



As 1 = 771x7714 — m2m3 by the Wronskian identity, 



4 = (777,1 + "^4)^ 
= (mi + m4)^ 



4 



477717774 + 477727773 



(7771 — 7774) 



2 



+ 



477727773. 
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As Dirichlet eigenvalues are roots of 2ix D — ^3 ^ 1714. TTll 77i2 ; 

rhi — m^^^ =7713 — 7712!^ . 
At a Dirichlet eigenvalue we therefore have 

— 4 = (7772 — 7773)^ + 4777,27773 = (77I2 + 777,3)^ = S'^ ■ 

As the Neumann eigenvalue is a root of 2ixN = "^-3 — ^77,4 + 777,1 — '^12 we similarly 
have 777.1 — '^4^ ~ '^2 — "^3 1 J, ■ The rest of the calculation is the same. I 

Combining these last two lemmas one sees that for any e L^, 

As XpW ~ A^(A) — 4 is real for real A, it follows that /.i„ and Un are enclosed 
by two consecutive periodic eigenvalues of the same kind. Deforming the potential 
continuously to the zero potential we conclude that they are indeed enclosed by 
periodic eigenvalues of the same index. 

Lemma 5.3 For any potential of real type, 
K ^ '^n ^ A+, 7^ € Z. 

In particular, all Dirichlet and Neumann eigenvalues are simple and real analytic 
functions of q and p. 

Proof. It remains to show the statement about analyticity. As the Dirichlet 
and Neumann eigenvalues are simple, they are simple roots of their characteristic 
function Xd and Xn , respectively. As the latter arc analytic functions of A and ip, 
the last statement follows from the implicit function theorem. I 

The index 77 of a periodic eigenvalue A^ of a real type potential was defined 
with reference to the asymptotic behaviour of the sequence of all periodic eigen- 
values. An alternative way is to look at any cigcnfunction /„ of A^ in the Akns 
system and to determine its winding number with respect to zero. The latter is 
well defined, since /„ takes values in and never vanishes. 

Proposition 5.4 Atij eigenfunction of an n-th periodic, Dirichlet or Neu- 
mann eigenvalue of a potential of real type has winding number m: . 
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Proof. The winding number of any periodic eigenfunction is a multiple of tt 
by the very nature of the periodic boundary condition in the Akns system. It is 
also a continuous function of the potential. The result thus follows by deforming 
any potential of real type to the zero potential and verifying the claim for the latter. 
The same argument applies to the Dirichlet and Neumann eigenvalues. I 

Proposition 5.5 The periodic, Dirichlet and Neumann eigenvalues are 
compact functions on . 

Proof. Consider a sequence ((/j^) in converging weakly to a potential ip, 
and fix any pair of periodic eigenvalues (p. Let t/ be a complex e- neighbour- 

hood of the set {A„, A^}. Using the compactness of the discriminant and Rouche's 
theorem we conclude that for all ly large enough, ipi, has two periodic eigenvalues 
inside U , that A has the same sign at both of them, and that there are no other 
eigenvalues between them. Hence these two eigenvalues form a spectral gap of ipi, . 
As the size of the neightbourhood U was arbitrary there exists a sequence (n^) 
such that 

It remains to show that almost all n^, are zero. 

Consider any sequence of associated eigenfunctions /;^_^„ . We can always 
pass to a subsequence so that their initial values at t = 0, normalized to length 1, 
form a convergent sequence. Since the fundamental solution M is a compact func- 
tion of the potential by Proposition ll.2|, also the associated eigenfunctions converge 
to eigenfunctions of X^{(p), and so does their winding number. Since the latter is 
a discrete function, it is an eventually constant sequence, being equal to m: by the 
preceding proposition. Hence along such a subsequence, almost all n^, vanish. 

The preceding argument applies to any subsequence with converging normal- 
ized initial values. Hence, it also applies to the whole sequence, and we obtain our 
claim. - The case of Dirichlet and Neumann eigenvalues is treated similarly. I 

Finally, we need a representation of the norm of the solutions g in (jlOp . 

Lemma 5.6 For any A e M and any ip G L^, 

for the solution g defined in (jlOp . In particular, at any Dirichlet eigenvalue. 



Section 5: Potentials of Real Type 29 



Proof. Let ip be of real type. We may assume that ip is contimious, since the 
identity in question is continuous in ip by Theorem ll.il We may then differentiate 
Lg ~ Xg with respect to A to obtain Lg — g + Xg. Multiphcation with the adjoint 
9* =9^ gives 

9*Lg = g*g + Xg*g. 
Taking the adjoint of Lg = Xg and muhiplying it with g gives 

(Lgyg - Xg*g. 
For real A the difference of these two identities then yields 

9*9 = 9*Lg- {Lg)*g. 

The $-terms on the right hand side cancel each other in view of $* = and with 
g = Pg by Lemma 15.11 we arrive at 

9*9 = 9*(}R9t) - {iR9t)*9 

= ig'^PRgt + igJPRg = i{9'^PR9)t = i [g^gh ■ 

This gives the formula 

11.9^ = / g*g<it = i[g,g]\l 
Jo 

which in fact holds for any solution g. For the solution g given by (jlOp. we have 
(?(0) = and thus 

[g,g]\l = (.9iff2 - 52.9i)|j^i = (52(.92 ~ .9i) - (52 - .gi).92)|j^i • 
With gn.2 — .9n,i = 2ixD we obtain the first claim. The second claim follows with 

Remark. For a solution of real type, one has 1 1.9 1 1 = g'^Pgdt. On the 
other hand, arguing in a entirely analogous fashion as in the proof above, one finds 
that for any ip ^ L'j., any A e C, and any solution g, 

/•I 1 

Jo 

In this more general setting the $-tcrms cancel each other, because P<I> = ^^P . 
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6 Gradients 

We denote the differential of a difFerentiable function F on L'^ with values 
in a complex Banach space by dF , and its directional derivative in the direction h 
by dhF. We then have 

dhF^dFh^ [ {diFhi+d2Fh2)dt, 
Jo 

where diF denotes the representation of the directional derivative of F in the 
direction of the i-th component of h. Note that no complex conjugation is involved. 
Wc then call 

dF = {diF, d2F) 

the gradient of F. 

Lemma 6.1 The gradient of the fundamental sohition is given by 

\ 771,3 m^m^ I 

..^^ , ,/ N , N / —777 1 7772 — 7770 \ ,,, 

id2M{t)^M{t) '2 P[o.t]- 

\ 777J 777 1 7772 / 

Proof. As all terms in these formulas depend continuously on ip, it suffices to 
verify them for sufficiently smooth ip for which wc may interchange differentiation 
with respect to t and ip. Taking the directional derivative of LM ~ XM in the 
direction h, we then obtain 

LdhM = XdhM - {dhL)M. 

Since dhM{0) = and dhL = dh^ we get 

dhM{t) = Mit) ^ Mis)-' Shis) Mis) ds, Sh = ^ , 

with Proposition II. 31 Spelling out this formula with respect to the components of 
h yields the formulas for the components of the gradient. I 
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Using the star product of 2-vectors introduced in ^ the gradient of M can 
be represented in terms of the two columns 



of the fundamental solution M . Recall that those are the solutions of Lf = Xf 
with initial values (1,0)^ and (0, 1)^, respectively. 

Proposition 6.2 The gradient of the fundamental solution is given by 



The elements of the matrix in parentheses are column vectors, and the stan- 
dard rules of matrix multiplication apply. For example, adding dmi and dm^ at 
t — 1 yields the following result. 

Corollary 6.3 The gradient of the discriminant is given by 

idA = m2Mi*Mi + (7714 - mi)A/i*M2 - m3M2*M2. 

We rewrite these identities in terms of the Floquet solutions of L. Consider 
the two eigenvalues ^± of M at t = 1. Assuming m2 7^ 0, associated eigenvectors 
v± are given by 



They give rise to the Floquet solutions 

/± := Mv± = A/i +a±A/2, 

which by construction satisfy /±(1) = M{\)v± = S,±v± = ^±/±(0), and more 
generally, 






TO2 



/±(t + l)=e±./±(t) 



for all real t. - First a simple fact concerning the coefficients a±. 
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Lemma 6.4 If m2(A) ^ 0, then 



7712 (a+ + a,-) = ~ ITT-l, 



Proof. This is a straighforward calculation using ^-|_ + ^_ = mi + m4 by the 
trace formula and = 1 by the Wronskian identity. I 



Proposition 6.5 If m2(A) ^ 0, then 

i9A = TO2/+*/-. 
Proof. By the definition of f± and the preceding two results, 

rn2f+*f- = m2Mi-kMi + 7712(0+ + a_)A/i*A/2 + m2a+a-M2*M2 



We also have occasion to consider the function u 7711 + 7772 + 7773 + 7774 and 
its gradient. 

Lemma 6.6 
idu = h-kg, 

where h is the solution of Lf = Xf with end value h{l) = (1, —1)^, and g is defined 



Proof. By Proposition 16.21 
idu = 1(97771 + ■ ■ ■ + idrhi 

= (7772 + 7?74)Ml*7\jfl + (?772 + 7774 — 7771 ^ 7773)A/l*Af2 

- (7771 +7773)1/2 *Af2 
= ((?T72 + 7774)Ml - (7771 + ?773)M2)*(Ml + M2) ■ 

By definition, Mi + M2 = g, and calling the other factor h one verifies that 



7772A/lT^Ajfl + (7774 — 777l)Afl*A/2 — 777,31/2*1/2 



idM. I 



in (dni). 




by the Wronskain identity. I 



Section 6: Gradients 33 



Remark. The convenience to express gradients in terms of the star-product of 
two solutions of Lf = Xf will become clear in the next section, when we determine 
various brackets with the help of Proposition 1 1.71 

Next we consider the gradients of eigenvalues. When any of the periodic, 
Dirichlet or Neumann eigenvalues is simple, it is a simple root of the corresponding 
characteristic function, which is an analytic function of A and ip. Hence, by the 
implicit function theorem, such an eigenvalue is locally an analytic function of if as 
well, and its gradient is well defined. It turns out that it can be expressed in terms 
of the square of an associated eigcnfunction. 

Proposition 6.7 Let (p be of real type, and let k be a Dirichlet, Neumann 
or simple periodic eigenvalue of L((p) with eigcnfunction w. Then k is locally real 
analytic in ip, and its gradient is 

W-kW 



Proof. We already observed that as a simple eigenvalue, k is locally analytic 
in if. Arguing as in the preceding proof, we may assume (p to be sufhciently smooth 
and take the directional derivative of Lw = kw to obtain 

dh{Lw) = {dhL)w + L{dhw) = {dhn)w + K{dhw). 

Thus, 

{dhn)w = {L - K){dhw) + {dhL)w. 

Observing that w^{L — n)dhW = {{L — K)wYdhW = due to the self-adjointness of 
L — K and Lw = kw , multiplication with w~^ on both sides yields 

\\w\\'^ (dhK) = / w^dhLwdt. 
Jo 

Finally, Pw = w in the real case by Lemma [STTl so with = ( ''^ ) we get 

Wwfidnn) = / {\w2\^h, + \wi\^h2)dt. 
Jo 

This proves the claim. I 

With the asymptotics of the Dirichlet and Neumann eigenfunctions in Corol- 
lary 221 we thus get 
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Lemma 6.8 For ip of real type, 



■n 




27Tint 



,e-2"'"*)+£2(„) 



locally uniformly on . At the zero potential these identities hold without the 
error terms. 

As a first consequence of tliese calculations we show that generically all gaps 
of a potential of real type arc open. First a simple observation. 

Lemma 6.9 For a potential of real type the n-th gap is collapsed iff 



Proof. If the n-tli gap is collapsed, then A;^^ = = f„ = A+ by Lemma 15.31 
In view of the definition of the characteristic functions of the Dirichlet and Neumann 
problem this leads at X ~ fin to the system of equations 



Together with fhi + rhi ~ 2(— 1)" this implies fhi ~ 7714 = (—1)". Furthermore, 
by the Wronskian identity and Lemma l5.2|, 

?Tl2 + 7713 = 0, m2TO3 = 0, 

at A = which implies 1)12 = rnz = 0. We conclude that Af(l,/.i„) = (— l)"Id. 
Obviously, this latter property conversely implies that A7i = = = \n ■ ' 

Theorem 6.10 For each n e Z, the set 



is a real analytic submanifold of codimension 2. Consequently, generically all spec- 
tral gaps are open. 

Proof. By the preceding lemma, we can characterize Yn equivalently by the 
two equations 



A/(1,M„) = (-l)"Id. 



mi + TO2 — 7TI3 — 7714 = 0, 



rhi — 7712 + 7773 — 7714 = 0. 



Y„ = {^eLl:X;A^)^X+{^)} 



zi niii^nif), v) = (-1) 

Z2 7772(//„((y5), (/3) 0, 
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since then m.i{pin{ip), ^) = by the Wronskian identity and 77i3(//„((p), ip) = Q 

in view of XD(/^n) ~ 0. These functions are analytic on with gradient 

dzk = mf.dnn + dmk\^^ , A; = 1, 2. 

By Proposition 16. 21 and Lemma lOt 

on F„, and by Proposition ESI 



One easily checks that the vector functions Mi* Mi, Mi-kM2 and M2*M2 are 
independent - see [231 Theorem 2.7] for an argument of this type. So the same is 
true for Mi*Mi, Mi*M2 and (Mi +M2)*(Mi +M2). Hence, F„ is an analytic 
submanifold of of codimension twoby the implicit function theorem. 

In particular, each Yn is of first Baire category. Since is complete, also 
their union, Unez of fi^'^t category. The complement of this set is precisely 

the set of all potentials of real type that have only open gaps. I 

7 Poisson brackets 

We now look at the Poisson brackets of the discriminant A with itself and 
with eigenvalues. If F, G are two differentiable functions - or 'functionals' - on L^, 
then their Poisson bracket is defined as 



where [• ,•] denotes the bracket introduced in section - A simple example is the 
bracket among the periodic and Dirichlet eigenvalues. 

Lemma 7.1 For all m, n e Z, 



-2 



9n*gn = \\9n\\ ^ {Mi + M2)*{Mi + M2). 



•n \\9n 




The same holds for the brackets of any two simple periodic eigenvalues. 
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Proof. By the anti-symmetry of the bracket, it suffices to consider m ^ n. 
Then /i^ ^ /i„, and by Lemma |6 . 71 and 11.71 

2i 

2i = — / [gm*gm,g„*g„] dt 

llffmll ||.9n|| "'O 

2 1 
^ [gra,gn] ^ ^ 

(M™ - /^n) llffmll^ llSnir q 

by the boundary conditions for Dirichlet eigenfunctions. The brackets of simple 
periodic eigenvalues are handled in exactly the same way. I 

For the following calculations we need to assume that rh2 does not vanish in 
order to make use of Lemma 16.51 Fortunately, this is true on a dense open subset. 

Lemma 7.2 For any A e C, 

Nx:={veLl:m2{\'f) = Q] 

is an analytic hypersurface in and hence nowhere dense. 

Proof. We show that drh2 does not vanish on N\ for any complex A. By 
Proposition 16.21 —idirh2 = rhirn^ — rh2m3m4. But m2 vanishes on N\, and the 
Wronskian identity reduces to mim4 = 1. Hence, 

—idim2 = TOim| 

docs not vanish identically, and is a regular value of m2(A, •). I 

First we consider the Poisson bracket of the discriminant with itself. Let us 
write A\ as a short form of A(A). The same applies to other notations with a 
greek subscript. 

Lemma 7.3 For any /x, e C, 

{A^,A„} = 0. 

Proof. There is nothing to do for fjL = v. So assume that fi ^ v. If in addition 
m2{fjL)m2{iy) ^ 0, then Proposition 16.51 applies, and together with Lemma 11.71 we 
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obtain 



{A^,A4 = i / [dA^,dK]dt 
Jo 



TO2(/i)m2(t^ ) 



The two boundary terms differ by a factor C^C^C/^Ci^, which equals 1 by the Wron- 
skian identity. Hence they cancel each other, and the claim follows for the case 
when m2{p)rh2{i') ^ 0. The case m2{fi)'rh2{v) = follows with Lemma 17.21 and a 
continuity argument. I 

Now we consider the Poisson bracket of A with a Dirichlet eigenvalue /j,„, 
which leads us to introduce entire functions p„, 

Note that Pni^J■m) = ^mn- Indeed, the p„ will later play the role of interpolation 
polynomials. - Recall that S = TO2 + rh^ denotes the anti-discriminant. 

Lemma 7.4 For any n e Z and A G C, 
-2{Ax,^J.n} = (5(Ai„)p„(A). 

Proof. Again, we first consider the case TO2(A) ^ 0. Let g„ be the eigenfunc- 
tion for the Dirichlet eigenvalue fin and f± the Floquet solutions for the Floquet 
multiplier ^± . Then, by Propositions 16.51 16.71 and 11.71 



{A,^„} = i / [dA,dnn]dt 
Jo 

[.f+*f-i9n*9n] dt 



m2 

m2 1 

— — 72 lJ+,9n\ U-,g'. 

2i(A - Hn) \\g„\\ 







Since /±(1) = £,±f±{0) = £,±v± by the definition of the Floquet solutions with 
= 1, and since gn,i = gn,2 at the boundaries of [0, 1] by the Dirichlet boundary 
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conditions, we have 



[f+,9n] [f-,gn] = [v+,gn] [V-,gn] 







{gn,2 - a+5„,i)(g„,2 - a-gns) 
1 





= (l-a+)(l-a_) 
In view of Lemma WM and (13, 



.9,12 



m2(l - a+)(l - fl-) ~ fill + 7712 — 7773 - 7774 = — 2iXD, 

and in view of Lemma 15.61 
1 



2 

2 5ti,2 



1 ^ g«,2 - g„,2 

2xD(Atn) 



Applying the Wronskian identity to g„ and the second column of M at t = 1, we 
get 5n,2("74 — 7772) = 1. With g„.2 = "^3 + "^4 wc tlius arrive at 

9na - = ("^3 + "H) - {friA - 7772)1 = '5(^„). 



Putting all these identities together we obtain 

Xd(A) 



-2{A,^„} = S{fln) 



(A - ^in)XB{^^n) 



where the last identity follows from the product expansion of Xd in Theorem 14. II 
- The case 7712 (A) = follows with Lemma 17.21 and a continuity argument. I 

A similar result holds for the bracket of a Dirichlet eigenvalue with the function 
u = 7771 + "72 + 7773 + 7774 introduced before Lemma WM 



Lemma 7.5 



Proof. Suppose that A 7^ /_i„. By Lemma [^751 and [^751 and Proposition 1 1.71 
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{m,^„} = i / [du,d^.n] dt 



1 



1 



1 ^ 1 

'^,9n] [g,gn 



2i(A - j|.g„||^ 



As 5(0) =5„(0) = (1,1)"^, we have [g,ff,i]|o = 0, and as ^1(1) = (1,-1)"^, 

[^i5n]|l = .9n,l + .9«.2 = 

= (51 - 92)9n,l = -2iXDffn,l- 

Together with ||.9ri||^ = 2xD(/^n)3n.i wc thus obtain 
-2{m,^„} = — — — — - = upn- 

(A - M«)XD(/^n) 

Again, this identity also holds for A = /i„ by the continuity of both sides in A. I 

In the following lemma we need not distinguish between A^ and , so we 
simple write A™ instead of A^ . 

Lemma 7.6 

A (Am ) 

for any simple periodic eigenvalue Am £ {Kn^ ^m} ^'^^ n ^ Z. 



Proof. Applying the implicit function theorem to A (Am) ± 2 = we get 

aA(Am) 

A(Am) ■ 

This leads to 
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{Am,/i„} = i / [dXr,i,dfin] dt 



1 



{Ax,^n} 



X=X„ 



A{X. 

and the claim follows with the preceding lemma. I 
Lemma 7.7 For any A € C and (p e L^, 

{Ax,Hr}=0, Hr= [ ipi^2dt. 

Jo 

Proof. Clearly, 

Jo 

and by Proposition ESI 

i{ip2d2A - (fiidiA) = iri2{ra\ip2 - rn^ipi) - ■m^{m\ip2 - m 
+ (m4 — mi){m.im2ip2 — m^niiLpi 

By the differential equation for the fundamental solution, 

y rrmp2 m2ip2 J J ^ 7TI3 m'^ J 

Taking linear combinations of these four equations we obtain 

''n\^p2 — = i(^^^3?7^l + m'lm^) = i(TOim3)', 

m'2'P2 — ^Ifi = i{m'^m2 + m^ni/C) ~ i(r7i2TO4)', 
mim2(p2 ~ m^m^ipi — 1(77137712 + m^m^) — 1(77127(73)'. 

Since 7712 and 7773 vanish at t = 0, it follows that 
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n 



a; 



a; 



+ 



'n 



'n 



u, 



n 



Figure 3 



The neighbourhoods ?7, 



n 



i {Aa, i^r} = (m2mim3 

= (771177127713 



771377127714 + (77I4 — 771l )77l2 77l3) | 
77I277I377I4 + 77I277I377I4 — mi77l277l3) 



= 0, 



since all terms cancel each other. I 

8 Potentials Near 

For arbitrary complex potentials (p in any finite number of periodic eigen- 
values can be located anywhere in the complex plane. But more can be said if we 
restrict ourselves to a sufficiently small complex neighbourhood of within . 

For any potential let 



be the straight line segment between A„ and A+ . For potentials of real type, these 
arc the real intervals introduced in section [5l 

Lemma 8.1 For any ifQ E L^. there exist mutually disjoint complex discs 
[/„ D G'„(v3o), ri e Z, 

sucii that Un = Dn for \n\ suiRciently large, and a neighbourhood V = V^,, in Li^ 
such that Gni'p) C Un for all ip E V and all n G Z. 

Proof. By the Counting Lemma, there exists an integer N 'i^ 1 and a complex 
neighbourhood Vq C of ipo E such that for all <^ G Vb , 



G„ = [A;,A+] :={(l-i)A„+a+ :0^<^ 1} 
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Figure 4 Discontinuity of eigenvalues 



G„M C D„, |n| > AT. 

Due to the separation of pairs of periodic eigenvalues one can complement these 
discs by mutually disjoint discs t/„ such that 

Gni'fio) C Un, \n\ < N. 

Clearly, Xp(A, i^o) is uniformly bounded away from zero on the boundaries of these 
finitely many discs. By continuity, we may thus choose a possibly smaller neigh- 
bourhood 1/ C Vb of (y9o so that Rouchc's theorem applies to Xp (A, ip) on these discs 
for all (p G V to the effect that also for all Lp G V , 

Gnif) C Un, \n\ < N. I 

For any ip £ L'^ let denote the complex neighbourhood provided by the 
preceding lemma. Setting 

we obtain an open neighbourhood W of within , on which the preceding 
lemma holds locally. 

Still, the periodic eigenvalues are not continuous on all of W due to their 
lexicographic ordering - they may jump as indicated in Figure |4l On the other 
hand, the midpoints and squares of the gap length of G„, 

In — 2 ' In — '^m 

are real analytic on ~ that is, analytic on W and real valued on L^. 

Theorem 8.2 Each function Tn and 7^, n g Z, is real analytic on W . 
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Proof. For any given point in W , choose a neighbourhood y C as in the 
preceding lemma. For any e its only eigenvalues within C/„ are A^, and by 
the argument principle, 

(11) ^i^AdA. 

As A and A are analytic in tp and A^(A) — 4 does not vanish on dUn for any 
tp €V ^ the latter integral is analytic in Lp as well. The same reasoning applies to 



2A(A)A(A)^,^^^ 



A2(A) 



(A+)^ + (a;)^ = ^ / 

The claim follows with 

7^ = 2(A+)2 + 2(A;f-(A+ + A;f . I 
Lemma 8.3 Locally uniformly in p, 

At the zero potential, both gradients vanish. 

Proof. By the asymptotic behaviour of the periodic eigenvalues stated in 
Proposition 13. 31 we have 

locally uniformly on L^. Since r,j and 7^ are analytic functions of p, we can apply 
Cauchy's estimate to estimate their gradients, which yields the first claim. 

The gradient of r„ is obtained by taking the gradient in pip under the integral 
sign. At the zero potential, dA vanishes due to its representation in Proposition l6.31 
and the same follows for dA by taking its A-derivative. Therefore, 9r„ vanishes at 
the zero potential, too. The same reasoning applies to the gradient of 7^. I 



9 Asymptotics of the Discriminant 

In general, A(A) = 2 cos A + o(el-''^l) by Theorem 12.21 This asymptotic rep- 
resentation can be refined, if the potential admits one or more derivatives, and we 
will need such a refinement for the construction of the Birkhoff coordinates. 
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Proposition 9.1 Uniformly on bounded subsets of Hi, 

sin A / c'"'^ 

A(A, = 2 cos A + -—Hr{tp) + O 



A— -V|A|^ 
with Hr{(p) = /g ipi(p2<it. 

Proof. Taking the trace of the series expansion of M ~ E\ + Mi + . . . at 
the point t = 1 we obtain a series expansion of A. Clearly, tr Ex{l) = 2 cos A and 
trMi(l,A) = by Q. Next consider the trace of M2(1,A) given by Each 
of the two diagonal terms is treated separately. For ip in H^, we can integrate by 
parts with respect to r to obtain 



c-'^ f e"'^ 



2iA 



and similarly 



e'^ 



(^i(r)(^2(s)e-2'^(''-'^) drd 

iA r oiA 



= Ia / M')Ms)ds~^ J M0)V2is)c-'''''d, 
V3'i(r)(^2(s)e-2'^("-") drds. 



~2iA 

The first terms of the right hand side of each of the two equations add up to 
e'^-e"'-^ /•! sinA^^ , , 

— ipi{t)ip2{t)dt=^Hriip). 

All other terms can be estimated by a constant times \\ip\\i |A| ^ e'"''^! by integrating 
by parts once with respect to s. Hence, 
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sin A / pl-'^l 

trM2(l,A) ^ -—Hr{ip) + 0' 



A V|A| 

uniformly on bounded subsets of . 

The same asymptotic estimate applies to the higher order terms in the ex- 
pansion of A(A) as well. Integrating by parts twice and arguing as in the proof of 
Theorem 11.11 there exists a constant c such that 



c „ „„ c 



IIA/„(i,A)ii<-ii^li;' 

|A| 



3A| 



where we took the freedom to estimate \\ip\\ by \\ip\\i := lly'H^i as well. Thus 



^|trM„(l,A)| =0 



11^3 

uniformly on bounded subsets of . I 
Corollary 9.2 For ip e Hi, 

cosh-^=^+^i^.(^)+o(l 

as t ^ oo along the real line. 

Proof. By the preceding proposition, 

A(it,(p) , sinht , ^ ^/e* 

= coshi + -i^Hri^) + 0^- 

for t > 0. Applying cosh"^ =: ci and expanding the resulting function at the point 
coshi up to order two one gets, for some G [0, 1], 

, A(ii) , X / X ci"(cosht-|-u(f)) ,/ ^ 

cosh ^ = t + ci'(cosht) u{t) + — ^ — u^{t) 

with 

, , sinht , , ^ / e* 

Noting that for i — > cx), 

ci'(coshi) = -r^_, 2e"*, ci"(cosht + 4e" 

smh t 
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the claimed estimate follows. I 



10 Isospectral Flows 

With every potential (po of real type we associate its set of potentials with 
the same periodic spectrum, 

Iso(v3o) = {ip e Lf : X^{(p) = Xni^o) foi' aU n G Z} . 

By the infinite product representation of the characteristic function Xp in Proposi- 
tion l3.4( two potentials have the same periodic spectrum if and only if they have the 
same characteristic function and hence the same discriminant, at least up to a sign. 
This sign is fixed, however, due to the asymptotic behaviour of the discriminant. 
So we conclude that 

Iso(^o) = { e 4' : A( • , (^) = A( • , (^o) } . 

We are interested in flows on i^, which do not affect the periodic spectrum 
and thus give rise to flows on each isospectral set. One example is the linear phase 
flow defined by 



^1 

V2 



It is a one-parameter-group which preserves the reality property of potentials, so 
maps L'f. into itself for all s G M. 
To see that preserves the discriminant we determine the fundamental so- 
lution along this flow. If L{(f)f = A/, then 

A*"/ = (^'^ o L(if) o $-^) $V 
= L(ci>2^(^))ci>^/, 



since 



Thus, multiplying L{^'^^ (f)^^ AI {(f) from the right with $ replacing 2s by s and 
observing that we obtain the identity at s = 0, we conclude that the fundamental 
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solution of ^^ip is given by 
(12) M($V) = •i'-'^^Mif)'^^'^^ = 

Consequently, the trace of M and thus its discriminant A is invariant along this 
flow, whence Iso($*(^) = Iso((^) for all s G K. 

Now we look at the Dirichlet eigenvalues and their characteristic function 
along this flow. 

Lemma 10.1 Let (p e with 7„((p) > and finiv) = ((/?). Then 

M„(1>V) = A+(^) 
for at most one s S (0, 2tt) . The same holds with A^j in place of . 

Proof. By the definition ^ of Xv and formula ([T^ , 

2iXD|$.^ = TO3 +7714 - 7771 - 7772|^,^ 

= e~'*7h3 + 777,4 — 'ni'i — e'^7h,2 

= 2iXu\^ + (C-'' - 1)?773 - (C'^ - 1)7772 
= 2iXD|^-2i3((e''^- 1)7772), 

since 777,3 = "72 in the real case by Lemma |5. II Hence, 

Xb(A+,$V)=Xd(A+,^)-3((c-- 1)7772(A+,^)), 
with Xd(A+, for A+((p) ^ fJ-niif)- Therefore, A+(<^) = Uni^'^f) if only if 

3((e--l)7^2(A+,^))=0. 

Since the 77-th gap is assumed to be open, the coefficient 7712 (A^, ip) does not vanish 
- otherwise, M(l, A+) would be diagonal by the reality condition of LemmaEHl the 
corresponding periodic eigenvalue would be double, and the gap would be collapsed. 
Therefore, the last expression has, as a function of s, at most one zero within the 
interval (0, 2tt) . I 



7771 
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The sets 

arc thus discrete for all n corresponding to an open gap. 

Corollary 10.2 Any (po £ can be approximated by (p £ lso{(po) with 

for all n with "fni^) > 0. 

Moving one Dirichlet eigenvalue 

We now define isospectral flows which move just one Dirichlet eigenvalue while 
all other eigenvalues remain fixed. They are generated by the vector fields 

X„ = i(a2A,-aiA)l , , neZ. 

They are analytic and of real type on L^, that is, 



1^2 A =-1^1 A 



since A und /i„ are real on M x and thus d2A{X,(p) = diA{X,(p). Hence, the 
initial value problem 

has a local solution X^{(Pq) in for any inital value fo £ L'^. 

The Lie derivative of a differentiable function F along X„ is, by definition, H 

F = dF{Xr,) = {F,At.} 

For instance, by Proposition !?.?! 

(13) Hr={HrAt.} -0. 

But Hr{(p) = \\(p\\ /2 for real type potentials, so their norm is invariant along any 
solution curve of X„ . It follows by standard arguments that any solution exists for 



■^We temporarily use the dot to indicate the X„-derivative instead of the A-derivative. 
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all time. Moreover, by Propositions 17.31 and 17.41 



Aa-{Aa,A^} =0, 



SO all Xn generate isospectral flows, and all Dirichlet eigenvalues stay put except 
the n-th one. 

Lemma 10.3 Let ip e and -fn{<p) > 0. Then along the How hnc X^{ip), 
Hn moves hack and forth between A„ and without stopping in the interior and 
bouncing off immediately at the end points. 

Proof. In view of the last two displayed identities and Lemma [5.21 the dis- 
criminant A and hence also S are invariant along the flow lines of X„, and the 
function fJ-nis) tJ-n{X^{ip)) satisfies the differential equation 



For A„ < /i„ < A^ , the right hand side has a fixed sign, so fin moves monotonously. 
Moreover, one calculates that 



since the periodic eigenvalues A^ are assumed to be simple. So in those points, /i„ 
bounces off immediately, with (5(/i„) changing sign. I 

The following proposition sheds some more light on isospectral sets. 

Proposition 10.4 Fix ipo e and let A = {n e Z : jnifo) > 0}. Then 
for any sequence of numbers and signs 



-4. 



iln A(/X„)A(/^„). 



If now /i„ = A„ , then /i„ = , but 



iln = A(A±)A(A,t) ^ 0, 



€ (A„((^),A+ (</?)), e„ e 



{-1,1}, 



n e A, 



there exists a potential ip e Iso((/3o) with 



(14) firi{(p) = fJ-n, Sgn(S(^„) = £, 



n e A. 
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Proof. In view of the last lemma, we can satisfy ([T4| for any given n while 
not disturbing all the other eigenvalues by moving along the flow of X„. Moreover, 
the norm remains the same by the remark following (|13p . Hence, we can 

satisfy for any finite set of indices of the form |n| ^ by combining a finite 
number of such flows. It remains to discuss the limit when N ^ oo. 

Since the norms of the various potentials remain unchanged during this con- 
struction, we can always pass to a subsequence converging weakly to some tp with 
\\ip\\ ^ ||95o!l- Since the eigenvalues and /i„ arc compact functions of the poten- 
tial, we have X^{(pu) ^nif) ^'^d linifv) fJ-nif) along this sequence. By the 
same token, the discriminat is the same as for all these potentials. Hence, in the 
limit (HU) holds for I 
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Part 2 

Abelian 1-Forms 



11 Construction of the Psi- Functions 

The periodic spectrum of the Zakharov-Shabat operator L(ip) is the zero set 
of the entire function A^(A, (ys) — 4, where the so cahed discriminant A denotes 
the trace of the Floquet matrix associated with L(if). In view of the product 
representation 

A^(A)-4=-4TT (^"--^y^"-^) 



of Proposition 13.41 the square root of this function is defined on the spectral curve 
S;^ = C;pU{oo+, oo" } , where 

C^ = {(A,z)eC2:z2 = A2(A)-4}. 

The latter may be viewed as two copies of the complex plane slit open along each 
open gap and glued together crosswise along the slits, while points at double roots 
of A^(A) — 4 are identified. This curve is a spectral invariant and plays a crucial role 
in the construction of angles for the NLS-equation described in the next chapter. 

To this end, we need to construct a set of normalized differentials on , 
which are the subject of this chapter. Let for m G Z be a counterclockwise 
oriented cycle around the interval Gm — [A„ , A^] on a canonically chosen sheet of 
defined below. We then construct a family of entire functions ■(/;„ such that 

■ OA — Omn- 



2^ 7a„ V^2(^)_4 
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Equivalently, 

1 f ^«(A) 



■dA 



Moreover, eaeh ■(/)„ has precisely one root in each interval Gm except the n-th one, 
and no other roots. 

Theorem 11.1 There exists a complex neighbourhood W of where for 
each ip in W there exist entire functions ijjn such that 

(15) ^/ ,J;f\ dA = J.„„, m,nGZ. 
These functions admit a product representation 

MX) - -U 

ra^n 

whose complex coefhcients depend real analytically on (f and are of the form 

uniformly in n and locally uniformly on W . In particular, a^^^-^ ~ mir for ip = 0. 

The existence of such differentials was first studied by McKean & Vaninsky 
PT] for (p of real type. For a similar construction for Hill's equation see [ID]. Their 
construction on a complex neighborhood of L^, however, is not straightforward. 
When if is not of real type, the periodic eigenvalues are no longer real, and 
becomes a more complicated object. We prove this theorem with the help of the 
implicit function theorem. To this end we reformulate the statement in terms of a 
functional equation. 

Let us introduce the space 

ao+f, (To = imr)„(zz 

of sequences of the form rnr + £^(n) , which we identify with the Hilbert space in 
an obvious and canoncial way. For a E we define the entire function /„ (tr) by 



(16) /„(a,A) = - n "eZ, 
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and for ip in the linear functionals Amijp) by 

AMI ^ I , '^^^^ dA, meZ. 

Here, / is assumed to be analytic in a neighborhood of Gm containing Tm- For 
each n £ Z we then consider on x the functional equation 

where F" = {Fm)„iez gi'^^'^ ^y 



(17) ^^,'^(a,^) = 



o-n-Tn{ip), n = m. 



We show that in a proper setting there exists a unique solution <y"{ip) to the 
equation F"{a,ip) — 0, which is real analytic in ip and extends to some complex 
neighbourhood W of which can be chosen independently of n. 



Notations 

For the rest of this section we will use the following notations. We write 
u'„(A) = V^(A+-A)(A„-A), 

and set 

^^^^ ^^2^^^it{X)' ^''^2^^^itix)' 

where we do not indicate their dependence on ip through the periodic eigenvalues 
defining WmW- 



Real Solutions 

First we make a simple observation, which is the motivation why we look for 
entire functions ipn in the form of Theorem 1 11. II in the first place. 

Lemma 11.2 Let (p £ L'^, and let f be real analytic in a neighborhood of 
the interval Gm- If A^f = 0, then f has a root in Gm- 
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Proof. By assumption, 



L 



dA = 



VA2(A)-4 



with a contour Tm around Gm sufficiently close to the real axis. If Gm is not a 
single point, then we may shrink this contour to the interval Gm to obtain 



Since / is real and the denominator of fixed sign for < A < A+ , this is possible 
only if / changes sign on this interval. If Gm is a single point, then we may extract 
a factor (A — t,„)2 from the product representation of A2(A) — 4. We obtain a 
Cauchy integral around r™, which gives /(t™) = 0. I 

First we establish the proper setting of the functionals . 
Proposition 11.3 For each n e Z equation (fTT]) defines a map 



which is real analytic and extends analytically to some complex neighborhood W 
of X . This neighborhood can be chosen so that all F" are locally uniformly 



Proof. Fix ri G Z. By definition, there is nothing to do for i^^, so we 
consider F^ for m ^ n. By the definition of /„ in (|16p and the product expansion 
of A2(A) — 4 in Proposition 13.41 we have 




{a,^)^F^{a,^), 



bounded. 



(19) 



fn{cr, A) 




J 



Crnicr, A), 



VA2(A)-4 



a, 



n 



hence 




The contours Tm can be chosen so that 



mm CT, 

Aer„ 



n 



A| ^ S \n — m\ 
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with some (5 > locally uniformly on £q x , and 

p„i := max \a„i - A| f{m) 
Aer„ 

locally uniformly on £q x by the asymptotics of the periodic eigenvalues. In view 
of Lemmas 120.41 and 122.31 we thus get 



In addition, this quantity is real valued. Multiplying by n — m and observing that 
Pn = P' (n) we obtain 

locally uniformly i'^ x Lf.. It follows that i^" maps this space into . 

Each functional Am and hence each function is real analytic on some 
neighborhood W oi £^x L^, which can be chosen independently of n. Exactly the 
same arguments apply to show that F'^ maps this neighborhood W into i'^ and is 
locally bounded. Hence, F" is real analytic on W by Theorem 119.41 

By inspection, the estimates depend on a and iy9 in a locally uniform fashion, 
but arc independent of n. Therefore, all F" are locally uniformly bounded onW. I 

Next we consider the Jacobian of F" with respect to a at an arbitrary point 
in X L^. By the analyticity of i^" this Jacobian is a bounded linear operator 
Qn . £2 ^ £2 ^ which is represented by an infinite matrix (Q^r) with elements 

(21) Qll^^^^^(n^m)Am^, m ^ n and r ^ n, 

oar oar 

while 

Qmr = ^mr, m^n Or r = n, 

in view of the definition of F"^ . 

In the sequel we restrict ourselves to the open domain F C x of (cr, ip) 
characterized by 

(22) A+_i + (1-)A;„<(t,„<(1-)A++A;„+i, meZ, 
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where = 1/4 and the various eigenvalues belong to ip. This causes no loss of 
generality, since in view of Lemma 1 1 1 . 21 the functions ipn we are going to construct 
have to have roots in the intervals Gm — [Km -^m] f'^i' ni ^ n. 

Lemma 11.4 On V the diagonal elements Q^m never vanish and satisfy 

while 

„,„ = , m. 7^ r and m^r ^ n, 

m — r 

with p„i = maxAeG™ Wm ^ A|. These estimates hold uniformly in n. 

Proof. There is nothing to do for m = n or r = n. So we can assume 
that m ^ n and r 7^ n, in which case (|2ip applies. For m ^ r we have, by the 
definition (fT8|) of Cm , 



and in view of (PO]) and the estimates of Lemma 120.41 and 122.31 



(23) gr„. = (n-m)Ana<.,/„ 

= {n-m) I ^ — rr Cm(CT, A) dA 

Jr„ (cm - A)(crr - A) 

r — m 

For m — r ^ n directly obtain from pop that 

Ql,^ = in-m) [ ^^^^ dA = 1 + i^im) 

with Lemma [20.41 and 122. 31 Moreover, since Cm and (t„ — A have fixed sign in G, 
the diagonal element Q5^„ can not vanish. I 

Lemma 11.5 At any point in V the Jacobian Q" of F" is of the form 
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with a lineal isomorphism D" : ^ in diagonal form and a compact operator 
if": e ^ 

Proof. Set £>" = dia,g{Q^^), the diagonal of Q". By the preceding lemma, 

SO £)" : i'^ ^ P has a bounded inverse. Moreover, = Q" — D" is a bounded 
linear operator on with vanishing diagonal and elements 

A'" = O" = _Prn_ ^ 
m — r 

By Cauchy-Schwarz, 



oo. 



So iiT" is Hilbert-Schmidt and thus compact. I 

Proposition 11.6 At any point in V each Jacobian Q", n g Z, is one-to- 
one and thus a linear isomorphism of . 

Proof. Fix n e Z. Consider Q" and suppose that (5"/i = for some h £ l"^ . 
Then hn = in view of Q",^ = Snn while for n, 

= Ara^^hk = AynCjin, (/)„ = '^"^'^'^ fefc . 

By straightforward estimates, 

'/'n(A)=E^-n^^ 

then defines an entire function (/)„ , which for each m ^ n has a root ^',„ in Gm in 
view of Ajn(t>n = and Lemma 111.21 Letting = <Jn = Tn and 

0(A) = K - A)0„ = 5: ^ n 
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we thus obtain an entire function (jj with a root Um in every interval Gm ■ On the 
other hand, on the circles C„ : |A| = mr + Tr/2 we have 







sin A 





(Jfe — A TOTT — A 



0. 



It follows with the Interpolation Lcmma r22.4l that </> vanishes identically, and hence 
that h = 0. 

Thus we have shown that Q" is one-to-one. By the preceding lemma and the 
Fredholm alternative, Q" is an isomorphism. I 

Propositions 111.^ and [Tl .61 allow us to apply the implicit function theorem to 
any particular solution of -F"(<t, ip) ^ Q in the domain V defined in ((22|) . 

Proposition 11.7 For any n g Z tiiere exists a unique real analytic map 

a": L^^el 

with graph in V such that 

everywhere. Indeed, crl^Xv) G Gm{f) for all m G Z at every point ip. 

Remark. To be precise, uniqueness holds within the class of all such analytic 
maps with graph in V . 

Proof. First we claim that for any solution of F'^{a, Lp)~Q\iiV one has 
(24) <\(^)eG™M, meZ. 

For m ~ n this is true by definition. For any m ^ n, the fact that Amfn{o') ~ 
and Lemma 111.21 imply that /„ has some root in Gm- But /„ has exactly the 
roots am ~ TTT'Tr with m ^ n, and no other roots. Consequently, fT,„ = G G,„ 
for all m 7^ 71, which proves the claim. 

By Proposition lll. Gl and the implicit function theorem, any particular solution 
of i^" (cr, Lp) = Q m V can be uniquely extended locally such that a is given as a 
real analytic function of Lp. This local solution can be extended by the continuation 
method along any path from ip to any given point in L^, since dF"^ /da is a linear 
isomorphism everywhere on V and the compactness property (|24p must hold for 
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any continuous extension. Since is simply connected, any particular solution 
of i^"((T, (^) = in thus extends uniquely and globally to a real analytic map 
ct" : L1 ^ l'^ with graph in V satisfying F"{<T"{(p), (p) — everywhere. 

At (y9 = one solution is given by cr(0) — (Jo, as one immediately verifies 
using Cauchy's formula. This solution is also unique, since Gm(0) = {tott} for all 
m S Z. Hence there is exactly one such analytic map. I 

Complex Extension 

Proposition 11.8 All real analytic maps cr" : L'^ ^ il of Proposition \11.7\ 
extend to a complex neighborhood of , which is independent of n . 

Proof. We first show that at every point if of real type, the inverses of the 
Jacobians Q" are uniformly bounded for all n. To this end, we look at their limit 

as n — > oo. For m ^ n and 7i ^ cxd, 

Qmr ^ (n-m) I , rr Cm(CT, A) dA ^ Q*^^, 

Jr^ ['^n - Aj((T,. - A) 
by ([25)) at any point {a,ip) in V, where 

Qrnr = - / — T 

These expressions are completely analogous to the ones obtained in the proof of 
Lemma ril.4l Therefore, the satisfy the same asymptotic estimates as the Q^^. 
stated in Lemma [11.41 and define a bounded operator Q* in Moreover, the same 
estimates imply that Q" Q* in the ^^-opcrator norm locally uniformly on V . 

The diagonal elements Q^m do not vanish, since C,„ has no root in Gm- 
Arguing as in the proof of Proposition 111.51 Q* is boundedly invertible on £^ at 
every point in As the set 

n(^) = J] 

is compact in the operator Q* is indeed uniformly boundedly invertible for a 
in n((/3) for any fixed (p. By continuity, then also Q"{cr, ip) is uniformly boundedly 
invertible for all large n for a in n(i^) , and hence for all n by Proposition 111.61 
This concludes the first step. 
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By Proposition ! 1 1 . 31 the maps F" are analytic and locally uniformly bounded 
on a simlpy connected neighborhood of V which can be chosen independently of n. 
Using Cauchy's estimate the variation of Q" with respect to cr and (p can thus be 
kept as small as needed by restricting oneself to a sufficiently small neighborhood 
of n(v) X {</5}- Using the standard estimate 

m + SQ)-'\\^2\\Q-^\ for lljgil <; ^^^-^ 

for Q = Q" , this gives us a similar uniform bound on the inverses of the Jacobians 
on this complex neighborhood. 

Finally, we can continue the solutions cr" to this neighborhood by the implicit 
function theorem. I 



Normalization 

Now let cr" be the solution provided by Proposition 111.81 and consider the 
not yet normalized entire functions /n(cr") defined in (fT6|) . By (fT9|) . 

/„(a,A) CKA) 



V'A2(A) -4 CTn-X 
hence 

An.fn = Cnicy,X)dX^Tr + e^{n) 

locally uniformly on x by Lemma [22.31 Indeed, this identity holds without 
the error term, so that the functions 

satisfy all requirements of Theorem 111.11 

Lemma 11.9 

fn{cr, A) 



/r„ VA2(A)-4 
Proof. For A on the circles C„ : |A| ^ mr + Tr/2 we have 
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A) = ^^(1 + 0(1)), 



\/A2(A) -4 = (-2isinA)(l + o(l)). 

Moreover, the integral of their quotient vanisher over any contour r,„ with m ^ n 
vanishes. Hence, letting m — > oo we obtain 



r„ VA2(A)-4 7c™ v/^2(A)_4 
1 f l + o(l) 



2i ./c A — riTT 



dA = TT. 



Lemma 11.10 The components of cr" = (cr"J are of the form 
= T,„ + 0(7^) 

uniformly in n and locally uniformly in a complex neighborhood of L"^ . 

Proof. We drop the superscript n in cr" and (t"j for the course of this proof, 
and consider a solution a of F"'{a,ip) = 0. By definition, a„ ~ hence there is 
nothing to do for m — n. For m ^ n, the equation (n — m)A„ifn{o') = holds, so 
in view of ([20|) and the definition (fT8|) of we have 



(25) 0-^/ ^^^x;^(a,A)dA 
27r Jr ifm(A) 



with 

„ ^ TTjn - to) -pj- CTj- \ 

^™ a„-A .J-i k;,(A) ■ 

The function is locally uniformly bounded for A in the disc Dm- In fact, we 
have 

X;;,(a,A) = l+4(m) 
locally on x by Lemma [20.41 This estimate is uniform in A in D„i and in n. 
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Expanding xJ^(ct, A) in A at the point according to Taylor's formula and 
using Cauchy's estimate for the first derivative, we can write 

Xm(^, A) = x™(fT, T,„) + (A - T,„ )<?;;, 

with functions ~ g!^{a,Tm, ^) = ^o(w). Since 
1 f ~ j \ _ 



27r 7p^^ Wm(A) 

([25ll then leads to 

27r Jr„ Wm(Aj 

The integral is of order 7^ in view of Lemma [22. 31 while Xm(cr, r™) never vanishes 
and is indeed bounded away from zero. Hence we obtain |(t,„ — t„i\ = 0(7,^^) as 
claimed. I 

We also need the following simple estimate in the proof of Lemma 116.11 
Lemma 11.11 ForXeDn, 
^„(A) = 2(-l)"-i+0(A-n7r) 
locally uniformly in a complex neighborhood of . 

Proof. By the preceding Lemma 111.101 and Lemma 120. 3| 

= -- n = -^(1 + 0(1)) 

for A G Dn- The claim then follows with rHospital's rule. I 



Part 3 

BirkhofF Coordinates 



12 Overview 

Before going into the details we present a formal construction of actions and 
angles and their associated Birkhoff coordinates. To this end we recall some facts 
from chapter [T] and introduce some more concepts. 

For a potential in consider the Floquet matrix M(1,A, (/j) associated 
with the Zs-operator L[ip) and its discriminant 

A(A,.^) trM(l,A, vs). 

The periodic spectrum of L{tf) is the zero set of the entire function A^(A, i^) — 4, 
counted with multiplicities. It is a doubly infinite sequence of eigenvalues 




< K ^ K < a; 



■n+l 



and we have the product representation 



A2(A)-4= -4 Y[ 



(A+ - A) (A, 
7r2 

"771 



'771 



A) 



The square root of this function is defined on the spectral curve 



= U {oo+, 



oo-}, = {(A,z) e C2 : z2 A2(A) -4} . 



The latter may be viewed as two copies of the complex plane slit open along each 
open gap and glued together crosswise along the slits, while points at double roots 
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of A^(A) — 4 are identified. Clearly, the discriminant A and its spectral curve E<^ 
are spectral invariants associated with Lp. 

Another set of coordinates 

To define actions and angles we also need to consider the Dirichlet spectrum 
of L[ip). It consists of a sequence {fXni^))nez of real numbers satisfying 

Kif) < ^^n{'f) ^ A+(v3), n G z. 

With each Dirichlet eigenvalue one can uniquely and analytically associate a specific 
root of A^(//„) — 4 by setting 



(26) VA2(^Ij^ (m2 + m3)| 
in view of Lemma 15.21 In addition we introduce the quantities 

(27) K„((^) = 2 log (— l)"u(/i„), M = mi + 7712 + ma + 7714. 

In view of the definition of the discriminant and the stared root above, 



(28) u{^in) = A(//„) + VA2(Ai„)-4. 

As (— l)"A(/^„) > 2, we have (— 1)"m(^„) > 0, so the k„ are well defined. 
One then finds that 

(29) {/^rniA^n} — — {^mi^n} i {/^??i:^n} — ^rnn^ 

for all m, n E Z. The first identity was established in Lemma iTT] The last identity 
follows with 

2 

dKm = —{iidfXn + du) 

and Lemmas 17.11 and 17.51 which give 
2 



U 



The other identity is handled analogously. 
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Figure 5 Circle over [A„,A^] 



Indeed, one can show that (/fn,'*n)nez forms a canonical coordinate system 
on . More precisely, 

defines a rea/ analytic, canonical diffeomorphism from into a suitable space of 
sequences. 

These coordinates make it easy to describe the geometry of any isospectral 

set 

Iso(<^o) ^ {^e Ll: spec(.^) = spec(.^o) } • 

By Proposition ll0.4l each /t„ can be chosen freely within the closed interval [A^j, A+] , 
while each k„ is fixed up to a sign by ()28|1 and vanishes when /i„ sits at an endpoint. 
Therefore, Iso((/?o) can be viewed as a product of circles, one circle c„ for each open 
gap (A„, A^) as pictured in figure [5l Together, they form a torus, whose dimension 
is equal to the number of open gaps [131 Theorem B.14]. 

Actions 

In the /i-K-coordinates the canonical 1-form 



gives rise to the symplectic form da = '^^n d'^n ^ d/i„ which in view of is 
associated with the Poisson bracket introduced earlier. We may therefore define 
actions according to Arnold's formula by 



a = 




'n 
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where c„ denotes the cycle corresponding to ^„ described above. As d/i„i = 
along c„ for all m ^ n, we in fact have 

1 r 



2tt _ ^ 

Integrating by parts and using the definition of k„ , we get 

As the root changes sign along the cycle c„ and the actions ought to be 
nonnegative the latter expression may also be written as 

1 f^i a(m) , 1 f^" ^Ait^^ 

In = — I — , d^ / PL , d/i. 

The upshot is that this expression may be interpreted as a contour integral of the 
meromorphic differential 

'^^'^ .dA 



on the curve Si^. As this form is holomorphic on \ {oo+,oo"}, we may deform 
the contour to a counterclockwise oriented cycle a„ on the canonical sheet of T,ip 
around [A„, A+], which leads to 

' f ^ .dA. 



VA2(A)-4 



Such formulas were first established by Flaschka and McLaughlin for the Kdv 
equation and the Toda lattice [S| and then generalized by Novikov and Veselov . 
See also [21] for the dcfocusing Nls. 

In this chapter we will not derive the last formula in a rigorous manner. 
Instead, we take it as the definition of /„ and directly verify that these constitute 
real analytic action variables on . 

Angles 

Assume now that the variables /„ admit canonically conjugate angles „. 
Then, again formally, the canonical 1-form a expressed in these coordinates is 
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of the form 



a 



In d,i + dS 



with some exact 1-form dS. A priori there is no reason for dS to be zero. It 
turns out, however, that stipulating dS = does give rise to canonical angular 
coordinates as follows. 

Restricting a to Iso(<p) we obtain a 1-form in the -variables, depending on 
the /-coordinates as parameters. Take its partial derivative with respect to /„ to 
obtain the 1-form 



Integrating along any path on Iso((p) from some fixed base point ipo to tp then gives 



where we assume n{^o) = for simplicity. This integral depends only on the 
homotopy class of the chosen path on Iso(iy9), since the restriction of da to Iso((^) 
vanishes. In fact, „ is well defined modulo 27r, as it ought to be. 

A standard path of integration can be chosen in the K-/i-coordinates as follows. 
First, as base point Lp^ we chose that potential in Iso((y5) with 

M«(<<5o) = A„((y9), Univo) ==0, n e Z. 

Then we move one Dirichlet eigenvalue at a time while keeping all the others fixed, 
moving Umifo) to Umif) with the proper sign of the root of A^(/x„) — 4 determined 
by Km{<p)- Doing this for m = 0,1,-1,2,-2,... defines a succession of paths 
vq, vi, V-i, ... on Iso(i^), which together form a path v from (pQ to (p. As a result. 



As in the case of the actions, we now interprete this as an integral of a mero- 
morphic differential on the curve as follows. Recall that also a = Km dfim- 
Up to signs the /i-s are coordinates on Iso(</5) , while the actions characterize those 
isospectral sets. In particular, A(A, p) can be viewed as a function of A and the 



n 





Section 12: Overview 69 



actions. Taking the partial derivative of Km with respect to /„ while viewing the 
pL-s as coordinates then yields 



diK„i ~ — , ^ = 9/A(A) 
VA2(/i„) - 4 



A— /Xt7 



in view of (gS]). Thus, 

9/A(/.t,„) 



— du„ 



As only d/i„i does not vanish along tJ,„ we obtain 



Now we may view each integrand as a meromorphic differential on the spectral 
curve S^, and take each integral along a straight line on it. This finally leads to 



9,A(A) 

It remains to identify the meromorphic differentials in the last formula. By 
definition, 

Itti ^ TT I ^■ 
ZTT 

Assuming that differentiation and integration interchange, we get 

ZTT 

Expressing a„ as I-forms in the /i-coordinatcs and interpreting the last integral as 
a period integral on leads to 

1 f 2d,AiX) .^^^ 



27T A„ ^A2(A)-4 

Now, if for any given n these relations uniquely characterize Abelian differentials 
on S;p, which have simple poles at oo* as well as at the double roots of A^(A) — 4 
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but otherwise are holomorphic - as in the case of hypereUiptic Riemann surfaces of 
finite genus then by Theorem 111.11 we have 

2a.A(A) MX) 



with the entire functions ■(/'„ given by that theorem. Hence, we arrive at 

n = > / — - dA mod 27r. 

By a shght abuse of terminology we refer to 



as Abel map. 

As in the case of the variables /„ we will not present a rigorous derivation of 
this formula, but take it as the definition of the variable „ and then verify directly 
that they are angular variables conjugate to the /„. 



Birkhoff coordinates 

All actions are real analytic on L^, but each angle „ is defined and real 
analytic only on the dense open domain \ Z„ , where 

Z„:={^GL2:7nM = 0}. 
Nevertheless, the associated Birkhoff coordinates 

•^n — \l COS , y^i — \l '^^n siu ^ 

are real analytic on all of and even extend analytically to a complex neighbor- 
hood of independent of n. 

This requires some careful analysis. In the real case, it suffices so show that, 
when 7„ tends to zero, then x„ and j/„ tend to zero as well. In the complex case 
the situation is more complicated, since the associated Zs-operator is no longer 
selfadjoint. In particular, it may happen that A^j = A+ ^ /x„. In this case, the 
Birkhoff coordinates a;„,?/„ will not vanish. 
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+1 -i -1 

Figure 6 Signs of — 1 

Some Notations and Notions 

In the sequel we will need to consider various roots, and it will be important 
to fix the proper branch in each case. The principal branch of the square root on 
the complex plane outside of (— oo,0] is denoted by \/~- ■ Thus, 

Va > for A > 0. 

In obvious cases, we simply write \/\ . 

On the complex plane outside [—1,1] we define a "standard root" of — 1 

by 

a/A2 - 1 < for A > 1, 

as illustrated in figure E Put difTcrently,! 

\/X^ - 1 = -A Vl - for |A| > 1. 

We extend this definition to more general quadratic radicands (a — A) (6 — A) with 
a ^ b and A not on the segment from a to 6 by continuous deformation, so that 

V(a-A)(5-A) = I = {r-X) V^^^ 

with 

b + a A — T 

The last expression also makes sense for a = 5, as then = and 
V(a- A)2 =a-A. 

^Note that this definition diff'crs from the one in KdV & KAM. 
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1 (-1)" 
+i ^ -i i(-l)" ^ ' -i(-l)" 
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Figure 7 Signs of ^A^(A) — 4 around Go and 



Also note that \/ z^iX^ — 1) = z a/A^ — 1 for any z in the right half plane and A 
not in [—1,1]. 

We also define a "canonical root" y^A2(A) — 4 on the complex plane outside 



each gap G„ by requiring that its sign behaves like the sign of y (Aq — '^)('^o ~ ^) 
in a sufficiently small neighbourhood around the zeroth gap, as indicated in figure[71 
The upshot is that then 



v/A2(A)-4 = 2i n yi>^ra-\){Kn- 2± 



13 Actions 

We define the actions /„ as motivated in the previous section and prove their 
analyticity as well as asymptotic estimates. 

We choose a connected neighborhood W of within as described in 
section[51 For all Lp uiW and all integers n one then has disjoint complex segments 

Gn = [A;, A+] := { (1 - A; + a+ : s; t 1 } , 

that are contained in mutually disjoint complex discs C/„ as described in Lemma f8.ll 
We refer to these discs as isolating neighborhoods of the segments G„ . 
We then define 

7.^1/ /^(^^ dA, n.Z, 

where r„ is a counterclockwise circuit around Gn inside the disc Un- By Cauchy's 
theorem this definition of /„ does not depend on the choice of r„ as long as it stays 
inside J7„. Moreover, r„ can be chosen to be locally independent of if. 
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Theorem 13.1 Each function I„ is analytic on W with gradient 

,30, aj„.-lf 



»7r. V^HW 

Moreover, on each function I„ is real, nonnegative, and vanishes if and only if 
7„ vanishes. 

Proof. Locally on W the contours of integration r„ can be chosen to be 
independent oi ip. As A is an analytic function of A and (p, and \/A'^{X) — 4 is 
analytic in a neighbourhood of r„, the function /„ is clearly analytic on W. 

To obtain its gradient we note that for ip of real type, (— 1)"A(A) > 2 in the 
interior of the segment Gn and hence 



(-1)"A(A) ± VA2(A) -4 > 0. 

Therefore, on a sufficiently small complex neighbourhood Wn of and a circuit 
r„ sufficiently close to Gn , the principle branch of the logarithm 



uiX) = log(-l)" (A(A) - v/A2(A)-4) 



is well defined near r„. Since uj{X) = — A(A)/ '{/A'^{X) — 4, partial integration 
gives 



In = - [ log (-1)" (A(A) - VA2(A)-4) dA. 



Again keeping r„ fixed and taking the gradient with respect to ip we obtain the 
formula for din on Wn- As both sides of ([5U|) are analytic on the connected set W, 
this identity not only holds on Wn , but everywhere on W . 
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To prove the last assertion we observe that 

(31) / /(^^ dA = 

in view of the existence of the primitive w(A). With A;^ denoting the root of A 
near Gn we can therefore also write 

(32) In = lf {X-K)^ry==^dX. 
For if of real type we then obtain 



by shrinking the contour of integration to the real interval Gn and taking into 
account the definition of the c-root. Since sgn(A — A^)A(A) = (—1)"^^ on G„, the 
integrand is non-negative, and the result follows. I 

Proposition 13.2 Each In, n e Z, is a compact function on L^. 

Proof. The periodic eigenvalues are compact functions by Proposition 15.51 
The same holds for A and A on compact subsets of the complex plane. Hence, 
if 1^ ^ 1^0 ; then eventually we may choose the contour r„ of integration to be 
independent of ip and conclude that 

hm /„M= hm 1 / -iiiM^dA 



V^Vo V^Vo TT Jy^ '\J A2(A, if) 

' f hm ^Mh^.X 



^ Jr,, v^vo '^A2(A, v?) - 4 
1 f AA(A,^o) 



^7r„ ^A2(A,^o)-4 



dA = Inivo), 



as required. 
Let 



Zn = W e W : -fn{^) ^ 0} 
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be the subvariety of potentials in W with collapsed 71-th gap. As 7^ is analytic 
on W by Theorem 18.21 the quotient In /in analytic on W \ Z„. We show that 
In/in extends analytically to all of to a nonvanishing function. 

Theorem 13.3 Making the neighborhood W of possibly smaller, each 
quotient Inhn extends analytically to W and satisfies 

locally uniformly on W . Its real part is locally uniformly bounded away from zero, 
so that 




is a well defined real analytic nonvanishing function on W with f „ = 1 + £'^{n) 
locally uniformly on W . At the zero potential, ^„ = 1 . 

Proof. We show that for any potential ip of real type there is a complex 
neighbourhood V^p such that In/in extends continuously to and is weakly an- 
alytic on ZnOtV^. By Theorem 119.51 this function is analytic on all of . Taking 
the union over all those we obtain the stipulated neighbourhood W of . 

Recall the product expansions 



VA2(A)-4 = 2i TT V(A^^-^)(^m- _A)_ 

TT 



Along the circuit Tn wc thus have 

A(A) ^ A;, ~ A 

VA2(A)-4 iV(A+-A)(A--A) 

with 

JJ„ V i^ni - A)(A7„ - A) 



Xn(A) 



76 Part 3: Birkhoff Coordinates 



In this product, each factor is nonnegative for real A in [/„ and real type ip. Hence, 
taking a neighbourhood of as described in Lemma 18.11 the function Xn is 
nonnegative for those arguments and analytic on J7„ x . In view of ([32|l we thus 
have on \ Z„ the identity 

X«(A)dA. 



With 



^Jt„ v/(A,t-A)(A- -A) 

A = T„ + Z7„/2, C„ ^" ,J" 

7«/2 

and a circuit C„ around [—1,1] we then arrive at 

~ Xn^Tn + Z7„/2)dz 

Xn{Tn + t-fn/2) dt. 



ll Jc„ - 1 



As 7„ , also Cn ^ by Lemma 13.61 The right hand side of the last 
expression is therefore continuous on V^p including Z„ , and with 7„ tends to 

2 t^ 

Xn{Tn)- / — ==di = Xn(T„). 

But T„ is analytic on V^, and x„ is analytic on C/„ x V^. Consequently, In/ In is 
weakly analytic on Z„, too. By Theorem 1 19. 5 1 we then conclude that this function 
extends analytically to all of Vip . 

Moreover, Xn(A) = 1 + i'^{n) for A near G„ locally uniformly on W by the 
estimates of Lemma 120.11 Thus, we furthermore conclude that 



2 -l + f{n) 



4^ 

^2 

In 

locally uniformly on W . Finally, on L^, 



< lim x„(t„) = 1 

In 
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locally uniformly as n ^ ±00. Therefore, by choosing the complex neighbourhood 
W sufficiently small we can assure that the real part of In /in positive and locally 
uniformly bounded away from zero for all 77, e Z. So ^„ = V^WTh is well defined, 
real analytic, and positive for ip in for all n e Z. 

At a collapsed gap we have ^„ = Xn{Tn), and the latter function is identically 
1 at the zero potential. I 

The next result establishes an identity expressing ^1^2 da; in terms of the 
actions /„ . It will be used later to show that the map fi from into the space of 
Birkhoff coordinates is proper. 

Proposition 13.4 For ip in the actions /„((p) are summablc, and 

n& -^0 

Proof. By Theorem 113.31 and Proposition 13.31 the sum of all actions /„ is 
absolutely convergent locally uniformly on . As each action is real analytic in ip 
by Theorem 1 13.11 the same is therefore also true for their sum. Since also the right 
hand side of the claimed identity is real analytic on , it suffices to establish it on 
the dense subset of finite gap potentials. 

Fixing any finite gap potential ip in L'^, there exists an integer N ^ 1 such 
that /„ = for Inl > TV and thus 



1 f AA(A) 



'^^'^ .dA 



dA 



TT Jc^ ^^A2(A)-4 

by Cauchy's theorem with a circle Cr of radius r surrounding all open gaps and 
containing none of the other eigenvalues A^ . Cutting this circle at the real point r 
and integrating by parts we then obtain 

E ^« - / /(^) /(A) = /' d^- 

fTi ^Jc^ Jr \/A2 U -4 



This function / is independent of the chosen path of integration in view of (|3ip 
and analytic on {A : |A| > r}, whence 
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V /„ = / /(A) dA = -2iRcs„, /(A), 

the residuum of / at infinity. To determine this residuum we claim that 

/(it) =cosh-i^, t»0, 

where cosh^^ denotes the principal branch of the inverse of cosh, which is defined 
on C \ (— oo, 1] and real valued on (l,oo). Indeed, a simple calculation shows that 
the derivatives of both sides with respect to t are the same except possibly for the 
sign of 

But this sign is locally constant in ip, and deforming to the case tp = reveals that 

$n v/-4sin2 it > 0, t > 0. 

Hence, /(it) and cosh^^A(ii)/2 differ at most by an additive constant, and since 
the asymptotic behaviour of both functions for t ^ oo is that of the function t , the 
claimed identity follows. 

As a finite gap potential, tp is smooth [?] and in particular in . Hence 
Corollary 19.21 applies, and we obtain 

/(ii) = t + Yt^Av) + ^, Hri'p) = ^ </5i(^2 da:. 
Expanding f(it) and cosh" ^ A (it) /2 in the local coordinate z = l/\ then leads to 

Resoo/(A) = -^ff^(v3), 
which proves the proposition. I 

14 Angles 

Next we define the angular coordinates „ for potentials (p outside of the set 
Zn — {p £ W : 7n(</3) = 0}. As motivated in the overview we set 

„{ip) = r,„{ip) + 
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where 

,„H = £"^^|L^dA mod 2., 

Note that rjn is considered as a function on \ Z„ taking vahies in the cyhnder 
C/27rZ rather than C. 

Wc first show that these functions arc independent of the paths of integration 
on the curve Sip as long as their projections onto the complex plane stay inside the 
isolating neighbourhoods [/,„ described above. We call such paths admissible. In 
addition, the functions are even well defined on all of W including Z„. 

Lemma 14.1 The functions for m ^ n are well deGned on all of W , 
while the functions rjn are well defined onW\ Zn ■ 

Moreover, at ip — 0, all the fi^ with n ^ m vanish. 



(33) 



Proof. By the product expansions for ipn{^) and A2(A) — 4 , 



VA2(A)-4 V(Art-A)(A„-A) T„ - A 
for A near Gm with 

^"'"%g. V(A.^-A)(A;-A) - '"=''•■■ 

The two roots in p3p are understood as functions on a neighbourhood around the 
lift of [A7„, A^] onto the curve related to each other by this identity. 

If 7m 7^ 0, the factor (aJJ, — A)/ ■\/ (Am — A) ( A;„ — A) is integrable along any 
admissible path. If 7„i = 0, then A+ = ctJ^ = A^^ by Theorem lll.il and this factor 
equals ±1. So the integrand of is analytic on Yi^p in a neighbourhood of the lift 
of [A^^ , A+ ], and is well defined in both cases. The integral is independent of 
any admissible path of integration, since 

by psp . It vanishes when /_t„i ~ X'^, so in particular when ip = Q. 
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As to rjn , the integral exists along any admissible path as long as A„ 7^ . 
It is well defined modulo 27r by for m = n. I 

Lemma 14.2 The functions for m ^ n arc real analytic on all of W , 
while the functions rjn are real analytic onW\ Zn if taken modulo tt. 

Remark. The values of ?;„ have to be taken modulo tt as the periodic eigen- 
values might not be continuous on W near potentials with a collapsed gap. As we 
will see, this has no detrimental effect on the regularity of the Birkhoff coordinates. 

Proof. Fix m e Z, and consider the two subsets 

E,n^ {^eW : firni^) ^ X^^{ip) } . 

These are analytic subvarieties of W , since they may also be written in the form 

Z„, = {ipeW: A{Trn{ip)) - 2(-l)™ and A(r™((p)) - 0}, 
Ern^WeW: A{fi„^,i^)) = 2(-l)™} . 

We are going to prove that is analytic on VF\ {ZmUE,n) and continuous on W, 
and that its restrictions to Z,„ and Em are each weakly analytic. By Theorem ll9.5l 
it then follows that this function is analytic on W . 

To prove analyticity of outside of Zm U Em , notice that A„ and A^ are 
simple eigenvalues outside of Z,„ . Hence locally there exists analytic functions p7n 
and p+ such that the set equality {A^, A+ } = {Pm,Pm} holds. Hence we have 



in view of ([34|) . The substitution A ~ + z then leads to 



/3" = 
where 

D{z) 



/d(I) 



is analytic near z = with -D(O) 7^ 0. Since Lp ^ E„i, we may integrate along any 
admissible path not going through /?+ . Then D{z) does not vanish, and ipn{Pm + 
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z)/y^D{z) is smooth and locally analytic on W\ {Z,n^ Em) ■ As fi^ ^-nd the locally 
defined are analytic as well, we conclude that the latter integral is analytic on 

W\{Z,niiEm). 

Next we show that (3^ is weakly analytic when restricted to either Z,„ or E„i ■ 
In view of the normalization ([M)) . we have/3^|^ = 0, so this is obvious. On Zm, 
we have A„ = A+ = = cr^ , and with we can write 

where the exact sign is determined by . As /i^ and Cm analytic, the latter 
integral is an analytic function on Zm ■ Altogether we conclude that the restrictions 
of Pm to Zm and on Em are weakly analytic. 

It remains to prove that /3"j is continuous on all of W. Clearly, is contin- 
uous on W\ (Z„iU-B„i)i and one shows easily that it is also continuous at points of 
Em \ Zm and Zm \ Em ■ Continuity at points in Zm H Em follows from (j33p and the 
estimate cr^ — Tm = * 7m of Theorem lll.il By Theorem ll9.51 (3m is then analytic 
on W. Obviously, it is real valued on L^. 

The proof for rjn is analogous and even simpler, since we only need to consider 
the domain W \ Zn- In view of (fT5|) we have 

(35) dA^±. 

for the straight line integral, so as above we can write 

rin = — — dA mod tt. 

ip, VA2(A)-4 

We conclude that modulo tt, the function 77„ is analytic outside of Z„ U En, and 
continuous outside Zn ■ Since rjn mod tt vanishes on En , it is weakly analytic on En , 
and we are done. I 



Lemma 14.3 For m ^ n, 
'^"^ ^ |m - n| 



locally uniformly on W . 
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Proof. By 

Since the following argument is not affected when interchanging the roles of 
and A^ , we may and will assume that \^„i — A7„| ^ \Hm — A+ |. 
For A near Gm we have 

V'n(A) . a^-X C(A) 



VA2(A)-4 V(A,t-A)(A„-A) r„ - A 

by p3p . The function ^"^ is uniformly bounded in view of the asymptotic behavior 
of the cr^j and Lemma [20.41 So for A near Gm we immediately obtain 

C(A) ^/ 1 \ 



T„ — A V I'T' ^ '^1 / ' 

locally uniformly on W . Moreover, if we integrate along a straight line £ from A^ 
to on the sheet of determined by /i^ , we have 



'^1^ =0(1) 

Am, — A 



locally uniformly on W , since — A„| ^ — A+ | and = + 0(7,^„). It 
remains to show that, again locally uniformly on VF, 



\It^ clA = 0(|7m| + |/^™-r„|), 



when integrating along the straight line £. But this follows with the substitution 
A = A^^j + t(/i.,„ — A7„). With £ = |(tJJj — A„J and (5 = — A„J we obtain 



/ jl'^ ddt = 2VFTS < £ + 2(5. 
Jo V St 



As £ = 0(|7m|) and 5 — 0{\jm\ + |Mm — Tml) locally uniformly on W , the claim 
follows. I 

The preceding estimates immeditately lead to the following result. 
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Theorem 14.4 The series Pn — ^^m^n f^ra coTivBTgBS loccilly Uniformly on 
W to a real analytic function on W such that (3n = o{l). The angle function 

n=Vn+ f3n= Vn + ^ ^™ 

is a smooth real valued function on and extends to a real analytic function on 
W \ Zn when taken modulo tt . 

Proof. By the preceding estimate and Cauchy Schwarz, 

m^n 0<|m-n|<|n|/2 |m-ri|^|n|/2 




Both terms in parentheses converge to zero as n tends to infinity, whence /?" — o(l). 
The other statements are obvious. I 

15 Cartesian Coordinates 

In the preceding two sections we defined actions and angles, 

for potentials ip in and \ Zn , respectively, and showed that /„ and „ mod tt 
are real analytic on the complex domains W and W \ Zn, respectively. We did 
not show yet, however, that they are coordinates, nor did we show that they are 
canonical variables. This will be done later. 

In this section we introduce and study their associated rectangular coordi- 
nates. As usual, they are defined as 

where the choice of cos and sin is made so that da;„ A dj/„ = d/„ A d„. This 
definition extends to the complex domain W \ Zn by setting 
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Xn — COS 7 yn — \pl ^ ' 

The main result of this section is that these functions are in fact weh defined and 
real analytic on aU of W . This holds despite the fact that „ is only defined on 
W \ Zn, and real analytic only when considered mod tt. 

Before attacking this problem, recall that the functions ^„ and /3„ have al- 
ready been shown to be real analytic on W. It therefore suffices to focus our 
attention on the complex functions 

Since 7^ as well as 77„ mod 27r have discontinuities, we have to check that they are 
analytic on \ Z„ . 

Lemma 15.1 TJie functions = 7„e^"'" are analytic on W \Zn- 

Proof. Locally around every point in W \ Zn there exist analytic functions 
p+ and p„ such that the set equality {p^uPn } = {Kn^n} holds. Let 

Depending on whether p+ = A+ or /?+ = A„ , we then have 

7n = 7n: Vn = ??« 

or, in view of 

7n = -7n: Vn = = dA = ?/„ + TT mod 27r. 

In either case, 

7ne±'''" =7ne±''^". 

The right hand side is analytic, which proves the lemma. I 

We now study the limiting behavior of as ip approaches a point in Z^ ■ 
This limit may be different from zero when ip^ is in the open set 

Xn^{ip&W : Hn{ip) i G„(^)} . 

This set does not intersect the space L^, since pn & [A^, A+] for ip of real type. 
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Let us write 

(36) = i. C»(A) 

in analogy to (|33p with 

JJ„ V(Am - A)(A„ - A) 

where the sign £„ e {—1, 1} is chosen so that equahty holds at ^„ with the star- 
root on the left hand side. This makes sense, since /i„ ^ [A^,A^]. Furthermore, 
let 

f . r- C»(T„)~Cn(A) 
X«(W / T dA, 

which is well defined due to the analyticity of C,n in A and in ip. 
Lemma 15.2 As ip ^ Zn tends to (fo e Z„ n X„, 
7„e±"'" ^2(1±£„)(T„-Ai„)e'^". 

Proof. As X„ is open and tpo belongs to Z„ n X„ , we have (p € X„ for all 
if sufficiently near ipQ . Also, ip ^ Z„ by assumption. For those ip we use p6p to 
write, modulo 27r, 

""^" = ""I„ VA^(A)-4 '' 

Jx- ^(A^^AKA^^ 
We decompose the numerator into three terms by writing 

(37) Cn(A) = (C„(A) - Urn)) + (Cn(T„) - 1) + 1, 

and denote the corresponding integrals, including the minus sign, by Vn, On and 
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We study the limiting behaviour of each integral separately. The first term is 
straightforward. If tp ^ ipo , then 7n — > and 



\/(A+-A)(A- - A) ^ T„ - A 
by the definition of the s-root. Hence, as — > (/jqi 



A, V(A^-A)(A--A) 



■dA 



(38) / r dX^Xnifo)- 

Jt„ Tn - A 

As to the second term, we have C,n{Tn) — 1 = 0(7„) by Lemma [15.31 below, while 
rMn 1 



.dA = 0(7-^/^) 



by a straightforward estimate. Hence, as — > (/jq , 
(39) o„ = 1-C«(t„) ^ ^ Q 

A-„ v/(a^-a)(a„-a) 

Now consider the third term, 

r''" dA 



A-„ v/(Art - A)(A„ - A) 



We observe that 



2 



In 

since both sides, as functions of are solutions of the initial value problem 
f'{w) e„ 



f{w) ^/^JF^ 
Hence, as tp ^ ipQ^ 



/(A;) = 1. 



(40) 7„e^"'^" = -7„p„ + e„7„ \J pi - 1 



= -TnPri (l + Sn \/ 1 - P„ ^ ) 
^ -2(/i„ - T„)(l + £„). 
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Combining the results for all three terms we obtain 

Tne'"" = ^„e^"(-"+°"+-..) ^ 2(t„ - + £„)e^"'^". 

Finally, (1 + e„)e^"^" = (1 + e„)e'<^" , since the entire term vanishes for e„ = — 1. 
This proves the lemma for z+. For z„ we just have to switch signs in ([40]) and the 
subsequent formulas. I 



Lemma 15.3 For fi € Gn, 

C„(Ai) = l+0(7n) 



locally uniformly on W . 

Proof. First let (p be of real type with 7„ > 0. In view of (fT51) . 

(-1)- dA^. 

A- VA2(A)-4 

for the straight line integral from A;„ to A+. On this line, both (— 1)"^^?/'„ and 
are positive. With ([36]) we thus obtain, for any /.i G Gn, 

.dA 



K V(A,t-A)(A-A-) 

dA+r"^E=H^dA 



A- V(Art-A)(A-A-) Ja- V(A^-A)(A-A„) 

<n(/i)+0(ICn(A)-Cn(A^)lGj. 



where | • |q denotes the sup- norm over G„. Hence, for /it G G^, 

C„(Ai)-l + 0(|Cn(A)-Cn(M)lGj- 

In view of Lemma 120.11 the function C„ is uniformly bounded on a neighbourhood 
of radius of order 1 around G,i . This bound holds uniformly in n and locally 
uniformly on W , no matter if 7„ > or not. Therefore, by Cauchy's estimate, 



ICn(A) - Cn(M)K M |A - M |7„| 
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for X, fj, G Gn with a constant M independent of n and locally independent of ip. 
This proves the claim for of real type. 

For not of real type wc can not argue with the sign of ij^n and <^„ . But the 
first and hence the subsequent equations must be true at least up to a sign so that 
at least 



But by the continuity of Cn in A and (p, the claimed statement must also be valid 
for Lp not of real type. I 

In view of the preceding result we extend the functions to Z„ by defining 



Then we have the following result. 

Theorem 15.4 The functions as extended above are analytie on W . 

Proof. We apply Theorem 119.51 to the function z^ on the domain W with 
the subvariety Z„. 

By Lemma fl 5 . 1 1 these functions are analytic on W\Zn- By a simple inspection 
of the formula for z^ they are also continuous in every point of Zn D X„ and of 
Zn \ Xn- Thus, the functions z^ arc continuous on all of W. 

To show that they are weakly analytic when restricted to Z„ , let Z? be a one- 
dimensional complex disc contained in Z„ . If the center of D is in Xn , then the 
entire disc D is in Xn, if chosen sufficiently small. The analyticity of z^ = 7ne^"'" 
on D is then evident from the above formula, the definition of Xm and the local 
constancy of e„ on X„ . 

If the center of D does not belong to Xn , then consider the analytic function 
fJ-n — Tn on D. This function either vanishes identically on D, in which case Zn 
vanishes identically, too. Or it vanishes in only finitely many points. Outside 
these points, D is in X„, hence is analytic there. By continuity and analytic 
continuation, these functions are analytic on all of D. 

We thus have shown that are analytic on D. The result now follows with 
Theorem UMl I 

To establish the range of the cartesian coordinates Xn and y„ we further need 
the following asymptotic estimates for the z^ . 



C„(m) =±l + 0(7n)- 




on Zn n X, 



on Zn \ X, 
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Lemma 15.5 

locally uniformly on W . 

Proof. Recall from the proof of Lemma 115.21 that 

Tne'"" = -7« (Pn -£n C^"(""+°"^ 

= -7„p„ (1 + e„ ^W?) e^"(-"+°") 

on Xn \ Zn with 7„p„ = 2(/i„ — t„). In view of the analyticity and local uniform 
boundedness of C„ by Lemma [20.41 we have e^""" — 0(1) locally uniformly. Simi- 
larly, e^"°" = 0(1) locally uniformly by the arguments leading to ([M)) . Finally, for 

\Pn\ ^ 1, 

|7„(p„± <^2|7„|, 

while for |p„| > 1, 

\jnPn (l ± a/1 - I ^ 3 \j„p„\ < 6 - r„| . 

For both cases we thus have the common bound 2 |7„| + 6 — t„| on X„ \ Zn, 
which establishes the estimate for 7ne"'" on this set. By continuity, these estimates 
extend in a locally uniform fashion to all of W . The argument for 7ne~"'" is, of 
course, completely analogous. I 

For tp G L"^, we now define i^{ip) = (a;„((/5), ?/„((/3))„gz with 
a^n = ^^(7ne" +7„e "), 

^" ^ 272i "° 

and n = Vn + Pn- From the preceding asymptotic estimates it is evident that 51 
defines a continuous, locally bounded map into i'^. Moreover, each component is 
real analytic. Hence we arrive at the main result of this section. 

Theorem 15.6 The map 
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is real analytic and extends to an analytic map W —* (.1^. 
16 Gradients 

To make further progress we need to determine the Jacobian of the map . It 
suffices to do this for finite gap potentials and then refer to a density and continuity 
argument. - We begin with the gradients of . The proof of the following result 
was inspired by work of Korotyaev [13] . 

Lemma 16.1 At a finite gap potential, 

az+==-2(0,e-2'^™*) + £2(n), 
9z„ = ~2(e2"™*,0)+^2(„)_ 

At the zero potential, these identities hold without the error terms. 

Proof. We approximate a given potential ipo in n Z„ by potentials (p 
in \ Zn with the property that fin ■ For those (p we may extend the 

representation p6p to A in the real interval (A„,A^) by taking the limit from the 
lower complex half plane so that \/{Xt — A)(A7j — A) i \/{Xt — A) (A — A7J . We 
then have to consider 

r Cn(A) 
Vn = £11 / — = dA, 

where the sign e„ is determined by the identity 

VA2(/.„)-4 V(Art-MrO(Mn-A„) 

We decompose the numerator into three terms as in p7p and again denote the 
resulting integrals by Vn , o„ and u;„ so that 

Tne'"" =7ne'-"""e=-"(^"+°"). 

Now consider the limit as </3 ^ (^0 and hence 7n — > 0. By the arguments 
leading to ((551) ^^^d ([55)1 we have 
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A, iV(Art-A)(A-A-) 

^" i-C«(t„) 

A, iV(A,l-A)(A-A-) 



dA ^ 0, 
dA 0. 



As 7„c'^""" and e'^'""''°" are both analytic, and the former expression converges to 
zero in the real case, it follows by the product rule that 

a(7ne'''")^a(7„e^"'^"). 

Moreover, similar as in (HDl) we have 



and 

In Vl - = VtI^tIpI" = 2 y(A+ - ^J.n){^J.n " A„). 



Letting r„ V(An - fJ-n)ifJ-n - A„) we thus get 
9(7„e^""") = 2(9r„ - + ie„9r„). 
By Lemmas 16.81 and 18.31 

(41) 2(ar„ - a^n) = (-e^-"*, -e-^-"*) + £2(„). 

To study the gradient of r„ we use the representation p6p ai i/ie point fin to write 

(42) £„r„ = VA2(a*„)-4 = (A„(m„)<5(m„) 

with (j)n = Cn /fpn- By Lcmmas I15.3l and lll.lll and the asymptotics of the /x„, 

20„ = (-1)"-i+£2(^) 

uniformly in a neighbourhood of (ys. So we have 9(/>„ = ^^(n) by Cauchy's estimate. 
Moreover, for A near fi„, 

(43) id6{X) = (-l)"(-e2'^'"*, q-^™^*) + f{n) 
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by Lemma Il6. 21 proven below. Taking the gradient in (|42|) by applying the product 
and the chain rule, we thus obtain 



Adding this to and subtracting this from 2(c}t„ — d^n), respectively, we arrive at 
the formulas for dz^ and 9z„. 

At the zero potential, identities (jSJ) and (|43p hold without the error terms 
again by Lemmas 16.81 and 18.31 and Lemma 116.21 below. Moreover, 2(/)„(/i„) = 
(— and (5(/i„) = at the zero potential, so also (|44|) holds without the error 
term. From this the final statement of the lemma follows. I 

Lemma 16.2 ^(A) ^i'^{n) and 



for A G Dn = {AeC:|A — n7r|<7r/4}. At the zero potential the latter identity 
holds without the error term. 

Proof. The first statement is an immediate consequence of Proposition 12.31 
To obtain the gradient, note that 



(44) 



2ie„9r„ = [{-1^-^+1^71)] [id6 + £^n)] + £^n) 
= (e^'^^S-e-^'^'"*) 



id5{X) = (-l)"(-e- 



,e-2"'"*) + £2(„) 




and similarly for 1^2 Af by Proposition 16.21 We get 



1826 



idiS 



m,ml + {7712 - m3)m3TO4 + rriAml 
rnim\ + (7TI2 — rhz)mim2 + rrnm\. 



Since 




by Theorem 12.21 and Proposition 14. II we conclude that 
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192(51 = ihiml + f-{n) = (_i)"e-2'^™* + ^^(n). 

The error terms disappear at the zero potential, since then M ~ Ex . I 

We may now determine the gradients of the cartesian coordinates at finite 
gap potentials. 

Theorem 16.3 At a finite gap potential, 

dx„ = ^(-e2"™*,-e-2™*) 
v2 

dyn ^ ^(e2'^'"*,-e-2"'"*) 
V 2 i 

At the zero potential, tlicse identities hold without the error terms. 
Proof. By the definition of the cartesian coordinates, 



2^2 



2\/2i 

At a finite gap potential we have = for \n\ sufficiently large, ^„ = 1 + l?{n) 
by Lemma [l3.3[ and /?„ ~ 0{l/n) by Lemma [l4. 31 using that |7m| + \nm — t^] — 
for almost all m. Furthermore, the z-coordinates are locally bounded in By the 
product rule and Cauchy's estimate, we thus obtain 

dyn = ^Adz+~dz-)+l\n). 



The error terms vanish at the zero potential, since then — 1 by Theorem 113.31 
and /?„ = by Lemma [14. II With Lemma [16. II we get the claimed asymptotics. I 



17 Canonical Relations 



Our aim is to show that 51 : L^. (."^ is a local diffeomorphism preserving the 
Poisson structure. To this end we now establish the standard canonical relations 
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among the BirkhofF coordinates. This will also imply the diffeomorphism property. 

Following McKean & Vaninsky [5T] we first establish the corresponding rela- 
tions for the action and angle variables. Among those the brackets of the actions 
are the simplest to obtain. - The following lemmas are understood to hold for all 
TO, n Cz Z. 

Proposition 17.1 On L^, 

{/,„,/„} -0. I 
Proof. By Theorem 1 13.11 

dI. = -'-l dA. 



Hence 



Xrn, nS ^2 J J ^./AHX)-A\/AHn)~4 



v/A2(A)-4^yA^ 

As {AajA^} = for any A and fi by Proposition 17.31 the result follows. I 

To study the brackets of actions and angles, we first consider the discriminant 
A A for any A instead of a particular action /„. 

Lemma 17.2 On L'^ \ Zn, 

-2{Aa,„} =?A„(A). 

Proof. As far as the bracket is concerned we may simply consider 

for any to and n, ignoring the modulo part for n = m. The bracket with A a 
amounts to a differentiation in the direction of a flow which leaves the periodic 
spectrum invariant. Hence we only need to take into account the differential of /im, 
and with Lemma 17.41 and the definition of the star-root in ((26|) we obtain 

-2{Aa,/3,7J = -2{AA,M,n} -^t"/^'"^ . =Mt^m)pM. 
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It follows with the uniform converergence of the -series established in Lemma [14.41 
and the Interpolation Lemma [22.41 that 

-2{A,,„} = -2^{A,,/3:;,} 

mez 

= X! '/'n(/^m)Pm(A) = -0n(A). I 

Corollary 17.3 On L^-^ Zn, 



Proof. In view of the representation of the gradient of In and the last lemma, 
{Aa,„} 



1 r 
71" Jr 



■dA 



1 f MX) 



by Theorem [lO I 

Finally, we consider the brackets of angles. The idea is to determine {mm} 
first at a particular point on any given isospectral set, and then to extend the result 
with the help of the flows X„ of section[Tni - The basic observation is the following. 



Lemma 17.4 



{/3r,A"} = 0, k,iez, 

at any potential in \ {Zm U Z„) whose Dirichlet eigenvalues are all in their 
leftmost positions. 

Proof. Fix k and I . By the continuity of the bracket and Theorem 16.101 it 
suffices to consider the case where also the fc-th and Z-th gaps are open. So let (po 
be a potential in \ (Z,,,, U Z„ U Zk U Zi) whose Dirichlet eigenvalues are all in 
the leftmost position. 

Let A„ = A„ to shorten notation, and note that Afc, A;, Am, A„ are all analytic 
in a neighbourhood of Iso((^o)- Since /3™ and /3" are analytic in (pQ, we may 
approximate cpo in a convenient way. In view of Corollarv ll0.2l we choose potentials 
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If S Iso((/3o) such that 

Taking the gradient of /3™ at such ip by the standard rules of calculus, in particular 
^ f' dt 1 

da 

we get 



where the prime in 9' indicates that we do not consider Afc as a function of ip when 
taking that gradient. This latter gradient is a function of order {nk — Afc)~^/^ , since 
all other terms in its product representation stay uniformly away from zero. The 
integral itself is therefore of order {nk — Afc)^/^ and vanishes as Hk \ Afc. Hence, 
the gradient at ipo is given by 

9/3r= lim %M(a;,,_aAfc). 

A similar expression holds for d(3" . So altogether we obtain 

iPfc ,Pi I - hm — — — — — — l^fe - Afc,/i; - \i] . 

v^VQ d[^k) 0(ni) 

The latter bracket decomposes into four terms, all of which converge to zero 
individually. For instance, 

{/^fc,Ai} 1 Pfc(A;) 



Sink)Sini) 2A(Az) S{iii) 

by Lemma 17.61 The term A(A;) is constant and not zero for ip g Iso((po), so the 
latter expression is dominated by the term 



as \ A;. The same reasoning applies mutatis mutandis to {Afe,/i;}. Finally, 
{^fe,/i;} = and {Afc, A;} = by Lemma mi Altogether this proves the lemma. I 
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Corollary 17.5 




at any potential in L^, \ {Z^ U Z„) whose Dirichlct eigenvalues are all in their 
leftmost positions. 

The preceding lemma states that {m,n} = at a particular point on the 
isospectral set of any real type potential, for which both angles are defined. We 
now want to extend this result to the entire isospectral set of such a potential. 

Lemma 17.6 



at any potential in \ {Z„i U Z„) . 

Proof. Consider the entire function 0(A) = {Aa, {m,n}}- On one hand, 



for any fc G Z by formula ([50)1 for the gradient of and the definition of the 
bracket, the Jacobi identity and Lemma [17.31 It follows with Lemma [11.21 that 
has a root in every spectral gap Gk, fc £ Z. On the other hand. 



again by the Jacobi identity and Lemma [17.2l This identity shows that as a function 
of A, has the same growth properties as the ■i/'-functions, and that the Interpo- 
lation Lemma 122.41 applies to (j) a-s well. As (p has a root in every spectral gap, (p 
vanishes, which is the claim. I 

Lemma 17.7 



{Aa, {„,„}} = 




+ 



}} = o 



0(A) = U,{Ax,n}} + {„, {m,AA}} 




at any potential in 



\ {Z,n U Zn). 
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Proof. By the continuity of the bracket, it suffices to verify the claim on the 
dense subset of finite gap potentials in \ (Z,„ U Z„) . Let ipo be such a potential. 
If A^; < /ife < , then we may apply the flow of the vector field of section [10] 
to move fik to Xj. while staying on Iso(iy9o)- The Lie-derivative of {m,n} along this 
flow line is 



by the preceding lemma, so {,„,„} remains unchanged. After finitely many such 
steps, we have moved ipo to a potential ip on Iso((po) with fik ~ A^, for all fc G Z, 
and with Lemma 117.51 we conclude that 



This proves the lemma. I 

We are now in a position to establish the main result of this section, the 
corresponding canonical relations for the Birkhoff coordinates. 

Theorem 17.8 On L^, 
for all TO, 71 G Z. 

Proof. Fix TO and n. By the continuity of the bracket and the Birkhoff 
coordinates, it suffices to check these relations on the dense subset \ U Z„). 
For example, with Xm ~ \/2Ini cos^ and y„ — •\/2/„ sin„. 



} = {{ 



= 







(5m„(cos^ „ + sin^ „) 



= 5, 



'mn- 



Similarly for the other two brackets. I 
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18 Global DifFeomorphism 

So far we know that 

51 : Lj^ ej, h-^ (x„((p),y„(v3))„6Z 

defines a real analytic map. We now show that $7 is also a local and even a global 
diffeomorphism. - First the local property, which is tantamount to the following. 

Theorem fS.l At every point (p e L^, 

is a linear isomorphism. At the zero potential, the differential dofl is given by the 
gradients in Theorem \16.3\ without the error terms. 

Remark. Note that dail is the standard Fourier transform. 
Proof. Fix (f G L'^, and let us introduce the abbreviation 

e„ := ^e^^^'"*, n e Z. 

Then, by Theorem If 6.31 

d^n{h) = {{dxn,h) , {dyn,h))nez = {{dt ih) , {d':^,h))nei. 

with 

d+ = (e„, e_„) + f{n), d;^ = i(e„, -e_„) + ('^{n). 
We are going to compare these vectors with the vectors 

which form an orthonormal basis of . To this end, let 

A: Ll^Ll A/i==^(/i,e+)d+ + (/i,e;)d„. 

Then Ae^ = d^, hence = (Ae^ ,h) = {e^,A*h) for all n e Z, and thus 

d^nih) ^ {{e+,A*h) ,{e-,A*h)),,^^. 
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This shows that d^n is a hnear isomorphism if and only if A is a hnear isomorphism. 
Hence it suffices to prove the latter. 

To prove the latter first note that at any finite gap potential, 

5]||(A-/)e±f =^||d±-e±f =J2l\n)< 00 

n.GZ riGZ WEl, 

by the asymptotic behaviour of the gradients of Xn and ?/„ obtained in Theo- 
rem 116.31 Hence ^ — / is Hilbert-Schmidt and thus compact for finite gap poten- 
tials. Since the latter are dense in and ip ^—^ A is continuous, yl — / is compact 
everywhere. 

Second, A is one-to-one. To this end, we first note that 

A*Jd,t = eJ, nGZ, 

where J denotes the Poisson structure. Indeed, by the canonical relations for the 
Birkhoff coordinates, we for instance have 

(e±,AVd+) =(^e±,Jd+) =(d±,Jrf+) = 

whence A*Jd^ = e+. Now assume that Ah — 0. Then 

= (Ahjd^) = {h,A*Jd^) = {h,ef^) 

for all nGZ. As the form an orthonormal basis, we conclude that h = 0. 

Thus, A is one-to-one, and ^ — / is compact. By the Fredholm Alternative, 
A is a linear isomorphism, and the theorem is proven. I 

To establish : L^. £^ a,s a global diffeomorphism, it remains to show that 
is one-to-one and onto. The argument is based on the fact that the map from 
(p to its sequence of actions is proper, that is, the preimage of any compact set is 
compact. 

Proposition 18.2 The map 
is proper. 
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Proof. The properness of / amounts to the fact that any given sequence 
(ifik) in with the property that I{'~Pk) converges in £^ contains a convergent 
subsequence. - So let {ipk) be a sequence in such that 

I{Vk) - 1° 

with respect to the £^-noTm. By Proposition 113.41 
for any ip E L'^. Hence we know that 

that is, ((/3fc) is bounded. This sequence thus admits a weakly convergent subse- 
quence, denoted by the same symbol, with a weak limit ipQ in . We are going to 
show that also 



\m\\2 \m\\2 ■ 

Then ipo is also the strong limit of this subscqcuncc, and we arc done. 

So assume that Lpk lpq . By Proposition 15.51 the periodic eigenvalues are 
compact functions of a potential of real type, so 

for each n G Z. Hence, if r„ is a cycle around ((/?), then r„ is also a cycle 
around Gn{^k) for all sufficiently large k. Since A is a compact function of Lp by 
Proposition 1 1.21 we conclude that 

,,(,., = 1/ ^^iM=dA 

7r7r„ VA2(A,(pfc) -4 



1 [ AA(A) 



dA = /„((y5o) 



TT 7r„ VA2(A,^o) 
for each n E Z. It follows that 

Il<<=fe|l2 = X! ^"("^fc) ^ X! ^"("^o) ||<^0 
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as we wanted to show. I 

Theorem 18.3 The map 

n -. Ll^el 

is proper, one-to-one and onto. 

Proof. The properness is an immediate consequence of the preceding resuh. 
To prove the other two statements we are going to show that 

X -.^ {z £ £f : n^^{z) is a one-point-set} 

equals £f.. Since the latter set is connected, this amounts to showing that X is not 
empty, open and closed. 

X is not empty. We show that £ X. If ft{(p) = 0, then also I{lp) = 0, 
hence ||(p||2 = by Proposition [1331 and so (f = 0. Therefore, 

n-i(o) = {o}, 

whence G X. 

X is closed. Consider a sequence (z^) in X converging to some point z in l^. 
By assumption, 

n-\zk) = {vk}. 

Since Q. is proper, {ipk) has a convergent subsequence, so passing to a subsequence 
we can assume that ip^ ip. By continuity, 

Zk = ^{<^k) — > = z. 

This z has no other preimage. For if ri(^/') = z for another ^ ^ Lp, then by the 
local diffeomorphism property of f2, also the Zk for k sufficiently large would have 
at least two preimages, which is false. Hence, 57^^ (z) = {1^9}, and z £ X . 
X is open. Let zq G X, and 

n-\zo)^{^^}. 

Being a local diffeomorphism, maps a neighbourhood C/q around (p^ one-to-one 
onto a neighbourhood Vq around Zq- We claim that there exists another neigh- 
bourhood V <zVq such which is contained in X . 
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Suppose not. Then there exists a sequence (zfc) outside of X converging to 
zq. Hence, each set fl~^{zk) contains at least two points, 

fl~\zk) D {ipk, ^k}, G Uo, iJJk i Ua. 

Clerarly, ipk ^ while by the properncss of Q, wc can pass to a convergent 
subsequence such that also V'fc ^ i'o y^o- But then also fl{ipo) ^ zq, or 

^~^{zo) D {ipo,iJo} , 

which contradicts our assumption zq G X . I 
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19 Analyticity 

We discuss the notion of an analytic map between two complex Banach spaces 
and prove two frequently used characterizations of such maps. This material is 
taken from Appendix A in |13| . 

Let E and F be complex Banach spaces with norms | • | and || • || , respectively, 
and let U C E be open. A map 

/: U^F 

is analytic on U , if it is continuously differentiable on U . This is the straightforward 
generalization of the notion of an analytic function of one complex variable. 

It is convenient to introduce another notion of analyticity. A map f : U F 
is weakly analytic on U , if for each u U , h Cz E and L Cz F* , the function 

z t—f Lf{u + zh) 

is analytic in some neighbourhood of the origin in C in the usual sense. The radius 
of weak analyticity of f at u is the supremum of all r ^ such that the above 
function is defined and analytic in the disc \z\ < 1 for all L ^ F* and h G E with 
\h\ < r. 

Clearly, the radius r of weak analyticity at u is not greater than the distance 
p of u to the boundary of U . On the other hand, if L and h are given with 
\h\ < p, then z t-^ Lf{u + zh) is well defined on the disc \z\ < 1 and analytic in 
some neighbourhood of each point in it, since / is weakly analytic on all of U. 
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Consequently, this function is analytic on \z\ < 1. It follows that indeed r = p. 

The notion of a weakly analytic map is weaker than that of an analytic map. 
For instance, every globally defined, but unbounded linear operator is weakly ana- 
lytic, but not analytic. Remarkably, a weakly analytic map is analytic, if in addition 
it is locally bounded. - Before we get to this result, we state two basic lemmata. 

Lemma 19.1 (Cauchy's Formula) Suppose f is weakly analytic and contin- 
uous on U . Then, for every u £ U and h G E, 



f{u + zh) = — — dC 

2TnJ\c\=p Q-z 



'ICI=P 

for \z\ < p < r/ \ h\, where r is the radius of weak analyticity of f at u. 

Proof. Fix u U , and let r > be the radius of weak analyticity of / at it. 
Then the open ball of radius r around u is contained in U . For every h £ E, the 
integral 

1 [ f{u + Ch) , . , , .,, , 

TT^ ^dC, \z\<p<T/\h\, 

2TnJ\c_\^p C-z 

is well defined, since / is continuous and \(h\ < r, |C — 2^1 > for \(\ ~ p. Then, 
for every L € F* , 



by the usual Cauchy formula. Since this holds for all L, the statement follows. I 

Lemma 19.2 (Cauchy's Estimate) Let f be an analytic map from the open 
ball of radius r around u in E into F, such that \\f\\ ^ M on this ball. Then 

h=iQ \h\ r 

Proof. Let h ^ in E . Then (/)(z) = f{u + zh) is an analytic map from the 
complex disc |z| < r/ in C into F that is uniformly bounded by M . Hence 

\\docf>\\ = \\dufm<-\h\ 

r 

by the usual Cauchy inequality. The above statement follows, since h was 
arbitrary. I 
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The statement of the lemma is particularly transparent, when / is a complex 
valued function. Then duf is an element in the dual space E* to E, and the 
induced operator norm is the norm | • 1^;* dual to | • 1^;. So, for instance, if / is 
bounded in absolute value by M on the balls 



respectively, in both finite and infinite dimensional settings. 

We now turn to the basic characterization of analytic maps between complex 
Banach spaces. An infinitely often differentiable function / is said to be represented 
by its Taylor series near a point u, if 



for all sufficiently small ft,, with the series converging absolutely and uniformly. 

Theorem 19.3 Let f : U ^ F be a map from an open subset U of a 
complex Banach space E into a complex Banach space F. Then the following 
three statements are equivalent. 

(a) / is weakly analytic and locally bounded on U . 

(b) / is analytic on U . 

(c) / is infinitely often differentiable on U , and is represented by its Taylor series 
in a neighbourhood of each point in U . 

Proof, (a) => (b) Suppose / is weakly analytic and locally bounded. We 
first show that / is continuous. 

Fix u £ U and choose r > so small that sup|,j|^^ + h)\\ = M < oo. By 
the usual Cauchy formula. 




then 



Mo/li, |do/|2, |do/L ^ — > 



f{u + h) = Y,-dU{h,-.-,h), 




for l^l < 1 and \h\ < r, and for any L £ F* . Hence, for \z\ < 1/2, 



Lf{u + zh)-LJ{u) 



^2M\\L\\, 



z 
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where denotes the operator norm of L. This estimate holds for aU L E F* 
uniformly for \z\ < 1/2 and \h\ < r. Consequently, 



fiu + zh)-fiu) 



< 2M 



for \z\ < 1/2 and \h\ < r. From this, the continuity of / follows. 

Now, / being weakly analytic and continuous, Cauchy's formula applies, and 



fiu + zh) 



1 

27ri 



ICI=i 



fju + Ch) 



dC 



for |z| < 1 and < r. It follows that / has a directional derivative in every 
direction h, namely 



2^0 z 



1 
27ri 



f{u + Ch) 



dC. 



'ichi 

In fact, this limit is uniform in \v — u\ < r/2 and \h\ < r/2, since 



f{v + zh)~fiv) 



2ni 



fjv + Ch) 

-1 CHC-z) 



dC 



^ 2M\z\ 



for \z\ < 1/2. Hence, / is continuously diffcrentiable, hence analytic on U. 

(b) ^ (c) Suppose / is analytic on. U. As before, &x u £ U and r > such 
that sup|;j|<^ + ^)ll = ^'I < oo- For h € E and n > 0, define 



Pn{h) 



2ti\ 



fiu + Ch) 



IChP 



C 



n+l 



dC, 



where p > is chosen sufficiently small. The integral is independent of p as long 
as p ^ r/ \h\, since / is analytic. For instance, PQ{h) = f{u) and Pi{h) ~ Duf(h). 

We show that P„(/i) is the n-th directional derivative of / in the direction h. 
First of all, Cauchy's formula and the expansion 



1 " 1 



+ 



n=0 



give 
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ici=pC"+nC-i) 

for \h\ < r. Choosing p ~ r/ \h\ for h ^ 0, the norm of the right hand side is 
bounded by 



r J r-\h\ r"^{r - \h\) ' 



m+l 



Consequently, 

OO -J 

f{u+h)=Y,-,Pn{h) 



n! 

ri=0 



for < r. Moreover, the sum converges uniformly in every ball \h\ < p < r . 

We now show that each P„ is a homogeneous polynomial of degree n. That 
is, there exists a bounded symmetric n-linear map A„ such that P„ = A„, the 
polynomial associated with An by evaluating it on the diagonal. 

Consider the map A„ defined by 



A„(/ii, . . . ,/i„) 

1 ( f fiu + Cihi + --- + Cnhn) 



dCi . . .dC„, 



where e > is sufficiently small, say e < mini^i^„r/ \hi\. For every L ^ F* , the 
map (zi, . . . , Zn) I— > Lf{u + zi/ii + ■ • • + Znhn) is analytic in a neighbourhood of the 
origin in C". Hence, by the usual Cauchy formula for n complex variables, 

LA„(/ii,...,/i„) =dzi ■ ■ ■dz„Lf{u + zihi H hz„/i„)|p. 

It follows that An is linear and symmetric in all arguments. An is also bounded 
by a straightforward estimate. Finally, using Cauchy's formula again, 

LAnihi, ...,K)= dl'Lfiu + zh)\^ = LPnih) 

for all L. Therefore, A„(/ii, . . . , /i„) = A„(/i) = Pn{h), as we wanted to show. 

Thus, on the ball of radius r around u, the map / is represented by a power 
series, which converges uniformly on every smaller ball around u. It is a basic fact 
that such a map is infinitely often differentiable. In particular, d^f = An for all 
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(c) => (a) This is trivial. I 

A special case of the preceding theorem arises for maps into a Hilbert space. 

Theorem 19.4 Let f : U ^ H be a map from an open subset U of a 
complex Banach space into a Hilbert space witfi orthonormal basis (e„)„^i . Then 
f is analytic on U if and only if f is locally bounded, and each coordinate function 

/„ = (/,e„) : C/^C 

is analytic on U . Moreover, the derivative of f is given by 

d/(/i) = ^d/„(/i)e„. 

Proof. Let L g H* . By the Riesz representation theorem, there is a unique 
element £ in H such that L0 = (0,^) for all cj) in H . Write 

and set 

m 

= ^ A„e„, m ^ 1. 

n=l 

Then L is the operator norm limit of the functionals L^ defined by Lm4> = {4>,im)- 
That is, 

sup ||(L - L„i)((/))|| ^ 0, m^oo. 

Given x in ?7, choose r > so that / is bounded on the ball of radius r 
around x. Fix h in the complex Banach space containing U with \\h\\ < r. On 
\z\ < 1, the functions 

m 

Z i-^ L„J{x + zk) ^^^Xnfn{x + Zh), TO ^ 1 

n=l 

are analytic by hypotheses and tend uniformly to the function z i-^ Lf{x + zh), 
since / is bounded. Hence that function is also analytic on \z\ < 1. This shows 
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that / is weakly analytic and locally bounded. By Theorem II 9. 31 the function / is 
analytic. 

Conversely, if / is analytic, then of course / is locally bounded, and each 
coordinate function /„ is analytic. 

Finally, if / is analytic, then dxf{h) exists and is an element of if, hence can 
be expanded with respect to the orthonormal basis {en)n^i- Its n-th coefficient is 



as was to be proven. I 

The next theorem may generalizes Theorem ll9.3l A subset V G U of an open 
set [/ in a complex Banach space is called an analytic subvariety, if locally it can 
be represented as the zero set of an analytic function taking values in some C" . 

Theorem 19.5 Let Vi, . . . , Vm be analytic subvarieties of an open subset U 
in a complex Banach space E . Suppose the function / : C/ — > C is 

(i) analytic on U \ {Vi U ■ ■ ■ U V^) , 

(ii) continuous on U , and, 

(iii) weakly analytic on Vi for each I ^ i ^ m. 
Then f is analytic on U . 

Here, a function / is called weakly analytic on a subvariety V, when it is 
analytic on any complex disc contained in V. If no such disc exists, then / is 
trivially weakly analytic on V . 

Proof. We are going to show that not only the restriction of /, but / itself 
is weakly analytic in every point in Vi U • • • U Vm ■ Since / is also locally bounded 
by continuity, / is then analytic on U by Theorem 119.31 

Let D be a one-dimensional complex disc around an arbitrary point in U. 
Locally, we can write 



{d.j;f{h),en) = dx (/,e„) (h) = d.j;fn{h) 



by the chain rule, since (• ,e„) is a linear function. Thus, 




V = {qeU: ^.(g) = 0}. 



1 ^ i ^ TO, 
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with analytic, vector- valued functions Lpi. When restricted to -D, each function Lpi 
either vanishes identically or has only a finite number of zeroes in D , possibly after 
shrinking D a bit. 

If at least one ipi vanishes identically, then D is contained in some subvari- 
ety Vi^ and / is analytic oti D <Z Vi by assumption (iii). Otherwise, none of the 
functions ipi vanishes identically on D, and consequently D n (Fi U • • • U Vm) is a 
finite set. Outside this set in 13, / is analytic by hypotheses (i), and on all of D, / 
is continuous by hypotheses (ii). It follows that these singularities are removable, 
and that / is analytic on all of D. 

Since the disc D was arbitrary, it follows that / is weakly analytic. Hence / 
is analytic by Theorem 119.31 I 

20 Lemmas on Infinite Products 

We need to consider numerous infinite products of doubly infinite sequences 
of complex numbers. We define those by 

TT(l + a„) = lim TT (l + a„), 

ii6Z \n\^N 

if the limit on the right hand side exists. A sufficient condition to this effect is 

\an\ < oo, 

since for sufficiently large N tending to infinity one then has 

log n ii 

|ri|>Ar \n\>N \n\>N 

For n e Z let Ai = {A G C : |A - n7r| < 7r/4} and 
n„ := IJ An, 

and recall that i'^ = cto + (^^ where ctq = (7i7r)„gz- 
Lemma 20.1 For a e £l and n e Z, 
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for |A| — > oo with A ^ n„, uniformly in n and locally uniformly in £'^. Moreover, 



TTiTT — A 

for A e Dn , locally uniformly in . 

The first statement means that for every e > there exists a A > such that 

CTm — A 



sup sup 

TiGZ |A|>A, A^n„ 



1-n 



mi: — A 



< £ 



where A can be chosen locally uniformly in a . The same applies to the statements 
of the subsequent lemmas. 

Remark. We will need the second estimate only once, in the proof of Theo- 
rem Otherwise, the first estimate suffices, the proof of which is more elemen- 
tary. 

Proof. In general, 

J|(l + a„)-l ^ Jl (H-|a„,|)-l 

s$ cxp f ^ \am\ 
with s„ = J2jn^n km I- ^ase at hand. 



1 ^ s„ cxp(s„) 



- A 



-A 



with an £^-sequence ((Tn)nez = [o'n — nTr)nez- So we get 





TTiTT 



miT — A 



For A G -Dn we have m7r — A ^ m — n and therefore 



by the Hilbert transform lemma (5331 This implies the second estimate. 
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To obtain the first estimte, note that for any n S Z and A ^ n„ , 



V ^ < V ^ 



Hence by Cauchy-Schwarz, 

'tott — A 



so Sn is clearly uniformly bounded on bounded subsets of ^1. To improve this 
estimate, we split the sum for s„ into one over |m| < r < |A| /tt and another over 
|m| ^ r. Letting r^cr = (crm)|m|^r a-nd using Cauchy-Schwarz again wc obtain 

1^ 11^ mTT — A , TOTT — A I 1^ 

\m\<r \m\<r ' ' ni^n ' ' \m\^r 

This can be made arbitrarily small by first choosing r sufficiently large to make 
||Tr(7||2 sufficiently small, and then choosing A sufficiently large. This can be done 
uniformly in n, and locally uniformly in cr. I 

For the next lemmas recall that 7r„ = mr for n ^ and ttq = 1. 
Lemma 20.2 For a e (i, 
Cm — A 



/(^) - - n 



defines an entire function, wliose roots are precisely the <Tm with m ^1 and which 
satisfies 

/(A) = (sin A) (1 + 1) 
for |A| oo with A ^ n = U„6Z^n- 
Proof. Wc have 

mir — A 



sin A = — JJ^ 
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hence 

sin A mir — A 

The result then follows with Lemma 120.11 and 

CT„ - A 



^ 1 + 2 |cr„ - 717r| , XfDn- 



mr — X 
Lemma 20.3 For a e £l, 

/n(A)--n^^' 

define entire functions fn of X, whose roots are precisely a^n, m n, and which 
satisfy 

fnW = ^ (1 + 1) 

A — mr 

for \X\ oo with A ^ n„, uniformly in n. 

Proof. Using again the product representation of sin A wc have 

„ . , ^ A - riTT _ y-r <T,„ - A 

Jn[A) — : — — — II -, 

sm A f- rmr — A 

and the result follows again with Lemma 120.11 I 

Let W denote the complex neighbourhood of introduced in section [8l 
Lemma 20.4 For a e il and (p eW, 

(Tm. — A 



Un \/(A^.-A)(A„-A) 



= 1 + 1 



locally uniformly on I'^xW . 
Proof. Write 

Cm ^ A (Tm ^ A 



(45) 



V(A+ -A)(A„-A) r™-A \/(X^~X)(K~Xy 
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and consider m ^ n and |7i| sufficiently large. By the asymptotics of the eigenvalues 
in Proposition [ 



Tm - A T„, - A m-n 



uniformly on D„ and locally uniformly on i'^ x W . Similarly, by the choice of the 
sign of w„i{X) the second factor on the right hand side of has positive real 
part, and we can write it as 



Tin ^ \ / im ^ ^ 



Am — A 



A.„, — A 



= 1- 



Ai — 



Am, — A 



1/2 



1 - 



A„, — A 



1/2 



The same asymptotics then also holds for the product of these expressions on the 
right hand side of (|45|) . Now the claim follows with Lemma 120.11 and A = mr . I 
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Lemma 21.1 Let / e L^([0, 1]). Then for every e > there exists a Aq > 
such that 



fis)ds 



< ee 



pA|t 



s$ i s$ 1, 



for all |A| > Aq. Tiifs estimate also holds on a small neighbourhood around f . 



Proof. Replace / by f — g + g, where 5 is a smooth approximation of / . We 
then have to estimate two terms. One is bounded by 



J3A|(t-2s) 



e' 



\f-g\ds 



3X\t 



The other is bounded by 
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JX{t-2s) 



gds 



J_ iA(t-2s) 

2A 



* 1 



|A| 



(11.911 



2A 



1.9 iili; 



3'(s)ds 



Choosing first g so that |1/ — 5|l^i < s/2 and then Aq sufficiently large so that 
II 5 1 1^1 < eAo/2, we achieve our first claim. The second claim follows with 



3iA(*-2^)(/(s)-</>(s))ds 



<cl^^l 11/ -011, 



for ^ i € 1 . 



Lemma 21.2 ([Dili]) Let f e L,2([0, 1]), and let 



bn{t)= / e'^"(*-2^)/(s)ds, neZ, 
Jo 



with a complex sequence A„ = im + such that a = sup„ |q!„| < oo. Then 



2a II j.||2 



^ t S$ 1. 



Proof. Expanding e'""^* into its power series in t, 



J2 %^ - 2s)^/(s)c'^™(*-2«) ds, 



A:! 



and denoting the last integral by fk,t,n, 



Now /fc.t,n is the n-th Fourier coefficient of fk,t = Vf^io.t] {t — 2- )feje'^'"* . Multiplying 
by |0„(<)|, summing over n and applying Cauchy-Schwarz we thus get 
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since ||/fc,t||2 s% II/II2 for all fc ^ and ^ t ^ 1. This yields the claim. I 

22 Miscellaneous Lemmas 

Lemma 22.1 If \\ — n7r| > 7r/4 for aii integers n, then 

4|sinA| > e'^^l. 

Remark. Of course, the inverse inequality |sinA| ^ e'*''*'! holds for all A. 

Proof. Write X ~ u + iv with real u,v. Since |sinA| is even and periodic 
with period tt, it suffices to prove the lemma for ^ u ^ tt/2 and |A| ^ 7r/4. Now, 

I sin A|^ = cosh'^ v — cos^ u. 

For 7r/6^u^7r/2,we have 

3 3 

cos^ u ^ - ^ - cosh V 

4 4 

for all real v. For ^ m ^ 7r/6, the asumption |A| ^ tt/A implies 



144 



and hence 



1 2 9 4 4 9 

cosh v^l + ir^ — ^ — cos u 
3 3 

as before. Thus, in both cases we obtain 



IsinAI^ ^ icosh^i) > -^e^l^l, 
4 16 
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from which the result foUows. I 

Lemma 22.2 (Gronwall's inequahty) Let a, b, u be nonnegative functions 
on [0,oo), such that a and u are continuous, b is locally integrable, and 

u{t) < a{t) + [ b{s)u{s) ds, t ^ 0. 

Then 

u{t)i^a{t)+[ a{s)b{s)exp{J*^b{r)dr)ds, t^O. 
Jq 

Proof. Letting b{s)u{s) ds , one has 

i?' - 6i? ab 

on [0,cx)). From this the claim follows by standard arguments. I 

Remark. We will use this estimate with 6 = and the simple bound 



exp (^J^ \ip{r)\ dr^ s$ e'l'^'l, s s$ t s$ 1. 



Lemma 22.3 If f is analytic in a neighborhood of Gm containing Tm, then 



1 

2^ 



^(^).dA 



Wm(A) 

Moreover, if f is real analytic, then 
^^'^ dA = /() 



max |/(A)| . 



2tT Jp^ Wm(A) 

for some G Gm ■ 

Proof. If A^ = A„, then the integral turns into a Cauchy integral, and the 
result follows immediately. Otherwise, we may shrink the contour of integration to 
the interval Gm to obtain 

' f ^(^).dA^i/ ^dA. 



2tt Jp^ W,„(A) TT Jq^ WmW 
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The first claim now follows from the straightforward calculation 
If dA 



/G,„ w,„(A) 

and the second claim by the mean value theorem in integral form. I 

Lemma 22.4 (Interpolation Lemma) Suppose 4> is an entire function with 



sup 

AGC„ 



sin A 







as ri — > oo with the circles Cn ■ |A| = nn + 7r/2. Then 



for any sequence of complex numbers (t„ = mr + i'^{n) . 

Proof. Let cr„ — mr + be such a sequence of complex numbers. By 

Lemma [2021 



x(A)=-n- 



- A 



mE2 



defines an entire function of A whose roots are precisely the (T„j and which is of the 
form (sinA)(l + o(l)) on the circles C„. For any fixed z, 



5(A) 



0(A) 



(A-z)x(A) 

is thus a meromorphic function with poles at z and all the cr„ and which satisfies 

0(A) 



sup \g{X)\ = sup 
Aec„ xec„ 



(A — z) sin A 
1 



o(l) sup 

Aec„ |X - 



0. 



By the residue theorem, the sum of all residues of g is thus zero, and we get 
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= Resz g + R.escr„ g 



Resolving this identity for 0(z) yields the claim. I 

The Hubert transform of a sequence x € £^ is the sequence Ha with elements 



{Hx)„ = ^ 



m — n 

Lemma 22.5 The Hilbert transform is a bounded linear operator on £^ with 
norm \\H\\ tt. 

Proof. Define the function h: [0, 1] R by 
h{t) = 27ri U - i j, t 1. 



Its Fourier coefficients are 



h{n) = (;i,e2"'"*) = 



0, n = 0, 

— ri 7^ 0, 



where (•,•) denotes the standard inner product in L^.. For x,y € we then can 
write the standard inner product {Hx,y) in as 



{Hx,y) = J2 



771 — 71 



= 5]x™(e2"'"*/i,e2-"*)y„. 

m,n 

Hence, if x and y are the Fonricr transforms of x and y, respectively, given by 
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then 

{Hx,y) = {hx,y) . 

By the Plancherel theorem, ||.'i;||^2 = \\x\\i2 and ||yi|^2 = ||y||()2- So with Cauchy- 
Schwarz we obtain 

\{Hx,y)\^ sup \h{t)\\\x\\^,\\y\\^, ^TT\\x\\,,\\y\\,,. 

This holds for all x,y Q i^. Therefore, _ff is a bounded operator on with norm 
not greater than tt. I 
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List of Notations 



Operators 





r 


"Pi \ 






/ 



-1 



1 i 

1 -i 



V2 



-if 2 
-iXt 



lifl 



nil 

7713 '774 

7771 \ 

7773 j 

"72 \ 

7774 / 



Operations 

• = d/dX 

dF differential of F 

dF gradient of F 

9*h = {g2h2,gihi) 

[g,h] ^ gih2 - .92^-1 

{F,G} = iJ^[dF,dG]dt 

Functions 



Pn 
Hr 

6. 



V4W7I 



7ne 



Others 

{777r 77 7^ 
1 77 = 

777i = 7?7i|t=l 
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Sets and Spaces Spectral quantities 







\± 


periodic eigenvalues 


Ll 


= {"f ^ Ll : ip2 ^ ifii} 


Gn 


= [A„,A+] 


HT 


Tjm w um 


A*n 


Dirichlet eigenvalues 


W 


neighbourhood of 




p. ESI 




isolating disc around G„ 


7" 


= A+ - A„ 


r„ 


circuit around Gn in Un 




= (A+ + A;)/2 




= {XeC: \X-nTr\ < tt/4} 


A 


= mi + m4 discriminant 


n 


= UneZ L>n 


(5 


= ?ri2 + fn^ anti-discriminant 


Sep 


= C^pU {oo+, oo"} 


M 


= rhl + 1712 + "13 + 771,4 


c 


= {(A,z):z2^A2(A)-4} 


Xp 


= A2(A)-4 




= {^eL2:7„(^)==0} 


/± 


Floquet solutions 


Zn 


= W e W : jn{^) ^ 0} 


5 


= (mi + TO2, ms + 7714) 


Xn 


= {ipeW: I^Ln i Gn } 




= 5(-,Mn) 




+1 


— i 


-1 






+i ' 






+i 1 -i 


i( 


(-1)" 

-1)" ^ ^ -i(-l)" 








A" \+ 



Figure 9 Signs of - 1 and V'A2(A) - 4 
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